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The axisymmetric analogue (small cross flow approxiniation) 
is employed t o  develop methods f o r  calculating laminar and turbulent  
heat-transfer over bodies of revolution a t  angles of at tack.  These 
methods a r e  r e s t r i c t e d  t o  hypersonic flows over bodies with highly 
coaled walls. 
A method is presented f o r  determining the  surface invisc id  
. streamline geometry and coordinate sca le  fac tors ,  which are required 
i n  t h e  axisymmetric analogue. This tnethod requires  t h e  surface 
pressure d i s t r i b u t i ~ n  t o  be known, whether theore t i ca l  o r  ex- 
p e r h e n t a l .  A theore t i ca l  pressure d i s t r ibu t ion  is developed using 
combinations of Modified Newtonian pressures, Prandtl-Meyer re la t ions ,  
and t h e  second-order shock expansion method. 
Results a r e  presented f o r  spheres, .;araboloids, and spher ica l ly  
blunted cones a t  angles of at tack.  Suls.:ace pressures and streamline 
geometries were found t o  compare fiivl~rdbly with experimental data 
and the three-dimensional method of charac te r i s t i c s .  Laminar 
heat-transfer r e s u l t s  were a l s o  fotmd t.) compare favorably with 
experimental data. The turbulent  tleating r a t e s  yielded r e s u l t s  
c lose  t o  those of Vaglio-Laurin's methad. 
It was found tha t  the  surface pressure d i s t r ibu t ion  affected 
laminar heating r a t e s  nicre than the  tnviscid streamline geometry. 
The choice of reference conditions and the  exponent i n  the  viscosi ty-  
temperature re la t ionship  highly affected the  turbulent  hea t i r2  rates. 
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V, INTRODUCTION 
Theoretical  methods f o r  predict ing aerodynamic heat  t r ans fe r  t o  
axisynunetric bodies a t  ail angle of a t t ack  and asynunetric S i f t i n g  bodies 
are current ly  required f o r  the  proper design of high veloci ty  heat  pro- 
t ec t ion  systems. A review of the  l i t e r a t u r e  (see, f o r  instauce, r e f s .  
. . 
1 through 5) reveals  t h a t  previous analyses were generally r e s t r i c t e d  
t o  l imited conditions such a s  axisynunetric bodies a t  small o r  ze;3 
angle of a t tack,  o r  ya:ied cones and i n f i n i t e  cylinders. A simple 
rcethod f o r  computing laminar heating rates over bodies at  moderate 
ang& of a t t a c k  has recent ly  been developed by DeJarnette (ref.  6). 
In t h i s  method t h e  d i rec t ion  of a stirface invisc id  streamline is as- 
sumed t o  be the  d i rec t ion  of t h e  free-stream ve loc i ty  minus its normal 
component a t  every point  on t h e  body. However, r e f .  6 uses t h e  mod- 
i f i e d  Newtonian pressure d i s t r ibu t ion  which is not highly accurate f o r  
pos i t ions  atfay from the  stagnation region. 
I n  order t o  determine convective heating r a t e s  over asymmetric 
bodies and axisymmetric bodies a t  an angle of a t tack,  one must solve  
both t h e  invisc id  and t h e  viscous flow f i e l d s .  The complexity of the  
p a r t i a l  d i f f e r ~ n t i a l  equations governing-these three  dimensional flow- 
f i e l d s  makes the  use of simplifying approximations des i rable  s o  t h a t  
tractable solutions may be obtained. A subs tan t i a l  s impl i f ica t ion t o  
the  viscous f 10s:-f i e l d  equations may be achieved through the  "axisym- 
metric analogue", o r  small c ross  flow assumption, a s  used i n  re f s .  6, 
7 and 8. The cross f l o r ~  is  the  component of boundary layer flow normal 
t o  t h e  d i rec t ion of the  invisc id  streamline and along the  body surface. 
I . 2 .  
The axisymrnetric analogue permits the heat: t r ans fe r  t o  b e  calculated 
over bodies at  an angle of a t t a c k  by any method.applicable t o  a body 
of revolut ion a t  zero angle of a t t a c k  provided the  invisc id  so lu t ion  
(pressure d i s t s i l ~ u t i o n  and geometry of the  surface  inv i sc id  stream- 
l ines )  is known on the  surface. The surface  invisc id  streamlines may 
be obtained from a known presrsure d i s t r ibu t ion ,  whether t h e o r e t i c a l  
or experimental, a s  w i l l  be demonstrated l a t e r .  
1n hypersonic flows, bodies are general ly blunted t o  some extent  
and the  t a l l  temperature is small compared with the  temperature a t  
t h e  edge of the  boundary layer. I f  the  t o t a l  enthalpy a t  the  edge 
Q£ boundary l aye r  is much higher than t h a t  a t  t h e  wall, it is termed 
'a highly cooled wal l ,  The flow is a l s o  characterized by r e l a t i v e l y  
low f o c a l  IIach numbers at  the  edge of boundary l aye r  and by a dens i ty  
a t  t h e  wa l l  much g rea te r  than t h a t  a t  t h e  edge of boundary layer .  
As a consequence, t h e  small c ross  flow assumption is v a l i d  f o r  laminar 
as w e l l  a s  turbulent  boundary l aye r s  ( r e f s  - 9 and 10). PIost recent ly ,  
the c ross  flow momentum equation was solved by Bradley (ref .  5) for a 
compressible turbulent  boundary l aye r  over a yawed, i n f i n i t e  cyl inder,  
Based on a method by Sasman and Cresci ( re f ,  It), Bradley's c ross  flow 
solut ions  provide an indica t ion  of t h e  app l i cab i l i ty  of the small c ross  
flow postulate.  
The compressible laminar boundary layer  f o r  two-dimessional and 
axisymrnetric bodies a t  zero angle QE a t t a c k  has been invest igated ex- 
tensively i n  the  pas t .  Theoret ical  methods f o r  predict ing the  hea t  
t r ans fe r  and boundary layer  cha rac te r i s t i c s  a r e  we11 developed. In 
general,  so lu t ions  a r e  obtained by s imi lar  so lu t ions  with the  a i d  of 
' . :. 
Levy-Lees type transfo:mation and by the  i n t e g r a l  form of the  womenturn 
and energy equation? &long with Reynoldst analogy. Results may a l s o  
be achieved from the numerical scherces such as the  one developed by 
Davis and Flugge-Lotz ( r e f .  11). Tor flows i n  the  hypersonic range 
with a highly cooled surface, the  theory of Less ( ref .  1) has  proved 
successful  a l l  most convenient f o r  e s t iua t ing  the  laminar heat  trans- 
f e r  over an sxirymmetric body a t  zero angle of a t t ack ,  The heating 
r a t e s  pred.!cled ny t h i s  method f o r  thermodynamic equilibrium agree 
w e l l  with exgeiimei~tal da ta  (refs. 6, 12 and 13). An even simpler 
method f o r  estimating the  heating rates may be obtained 3y extending 
c l a s s i c a l  incoxpressible methods t o  t h e  compressible case by in t ro-  
ducicg reference f l u i d  propert ies (refs .  3 and 14). Although t h i s  
simple theory is  remote from more rigorous considerations, it y ie lds  
good agreement with e:tperimental data. 
The laminar boundary-layer may change t o  the  turbulent  one i n  
t h e  downstream region of some flow f i e lds .  The point  a t  which t h i s  
change takes place is  cal led  She t r a n s i t i o n  point. It is mainly 
determined by the  experimental observations; therefore,  no attempt 
is made here  t o  t r e a t  t h i s  d i f f i c u l t  problem theore t ica l .1~.  
The existence of apparent turbulent  shear and heat  flux, and the  
e f f e c t s  of Mach number and wall temperature make the  compressible tur-  
bulent  boundary layer  d i f f i c u l t  f o r  ana ly t i ca l  trestment. Even send- 
empirical theor ies  srmfier from incompleteness due t o  the  contradict ion 
of experimental results from one case t o  another ( ref .  15). I n  general,  
theore t i ca l  approaches frequently used f o r  turbulent  toundry l ayers  
involve one o r  more of the  following: (a) introducing a reference condition 
f o r  f l u i d  propert ies ( re f s ,  16 and 17),  (b) use of Prandt l ' s  mixing 
length theory or  von Karman's simi1.arity hypotllesis ( r e f ,  18), and 
(c) using transformation of coordinates ( re f .  15.). The idea of using 
reference quan t i t i e s  was f i r s t  introduced by von Karman ( ref .  16) 
with t h e  assumption t h a t  M l e  sk in  f r i c t i o n  laws of incompressible 
flow remain va l id  i n  the  case of compressible flow i f  the  f l u i d  pro- 
' p e r t i e s  a r e  evaluated a t  some reference condition. von ICarsnan used 
the  wall  temperature a s  reference temperature f o r  an adiabat ic  wall. 
For bodies with heat  t ransfer ,  one has t o  taka account of l a rge  and 
small values of temperature i n  evaluating the  reference condition, 
a s  suggested by Eckert (ref .  17). Therefore, turbulent  heating r a t e s  
may be estsmated by using an incompressible skin  f r i c t i o n  l a w  along 
with Reynolds ' analogy. 
Prandt l ' s  mixing length theory was used by van Dries t  ( ref .  18) 
f o r  t h e  compressible turbulent  boundary layer  over a f l a t  p l a t e  with 
and without heat t ransfer .  The approach of transforming the  compres- 
s i b l e  turbulent  boundary layer  equations i n t o  the  incompressible form 
was f irst .performed by Mager ( ref .  15). This transformation is  essen- 
t i a l l y  the  same a s  t h e  laminar one, given by Stewartson, except the  
stream function is modified and the  apparent turbulent  shear i s  
postulated t o  remain invariant .  
In the  case of axis)wunetric £lo\?, the  i n t e g r a l  form of the  
momentum and energy equations has been used by Reshotko and T~ucker 
(ref .  19) and Coben ( ref .  20) along with the  I l l ing~~or th-Stewar tson 
transformation, The use of the  momentum in tegra l  and moment of momen- 
tum i n t e g r a l  equations with a lfager type transformation was developed 
' a "  
by Sasman a id  Cresci ( ref .  4). 
For hypersonic flows with a highly cooled wall ,  the  e f f e c t  of 
- 
Mach number a t  the  edge of boundary layer  is  small ( ref .  2). This 
provides a p a r t i a l  reasoning f o r  one t o  c o r r e l a t e  the  incornpressib1.e 
result with the  compressible case. I n  r e f .  2 Rose, probi te in ,  and 
Adams showed t h a t  the  hypersonic turbulent  heat ing r a t e s  could be 
reasonably predicted by the  incompressible s f i n  f r i c t i o n  coe f f i c i en t  
and Reynolds' analogy modified f o r  the  Prandt l  number dependence 
(with the  Lewis number equal t o  unity) .  
Vagf io-Laurin (ref .  9) derived a more sophist icated me-thod f o r  
est imating turbulent  heat  t r ans fe r  by the  extension of Mager's trans- 
formation to  the  hypersonic case ( in  the  presence' of pressure gradient  
and hea t  t r ans fe r  a t  t h e  wall) .  The boundary layer  equations were 
wr i t t en  i n  an orthogonal curvi l inear  coordinaie system with the  
streamlines of the  invisc id  flow a s  one family of coordinate l i n e s ,  
and t h e  cross  flow and Reynolds s t resses-were  neglected. Sat i s fac tory  
agreement with,experimental da ta  a t  zero angle of a t t a c k  was obtained. 
The most obvious d i f f i c u l t y  i n  applying the  axisymmetric analogue 
is t h e  determination of the  invisc id  so lu t ion  on the  body surface ,  I n  
the  l i t e r a t u r e ,  few analyses have been developed t o  determine the  invis-  
c id  streamline geometry from experimental - or  theore t i ca l  pressure d is -  
t r ibu t ions  ( refs .  10, 21 and 22). However, a v a l i d  and appl icable  
three-dimensional invisc!d so lu t ion  i s  still i n  demand. The need of 
such a method is evidenced by the  recent  works of Bradley ( re f ,  5) 
and Fannelop ( re f .  23). A very simple method f o r  detern;ining the  
' . :. 
invisc id  surface strearnline geometry, independent of pressure d i s t r i -  
bution, was developed i n  r e f ,  6 a s  mentioned previously, 
I n  the  present repor t ,  the  axisymmetric analogue is  applied 
t o  both laminar and turbulent  boundary l aye r s  f o r  bodies a t  an angle 
of a t t ack  and with highly cooled y a l l s ,  The methols of Lees ( ref .  1) 
and Vaglio-Laurin (ref .  9) a r e  u t i l i z e d  f o r  the  laminar and turbulent  
heating ra t e s ,  respectively,  a t  zero angle of a t tack .  I n  addit ion,  a 
~ r e f a t i v e l y  simple expression f o r  est imating the  turbulent  heat ing 
r a t e s  is derived f o r  comparison. Radiative heat  t r a n s f e r  and surface  
abla t ion  a r e  not considered. A general  method f o r  determining the  
invisc id  streamline geometry and coordinate s c a l e  f a c t o r  from knotm 
surface  pressure d i s t r ibu t ions ,  whether t h e o r e t i c a l  o r  experimental, , 
is  developed. 
The surface  pressure d i s t r i b u t i o n  may be  calculated approximately 
by t h e  modified Newtonian theory near  the  stagnation region and then 
by t h e  Prandtl-Ifeyer r e l a t i o n  from the  "matching point" t o  the  
shoulder of the  body. For the  region beyond the  shoulder where the  
fnc l ina t ion  of body surface  is  constant,  t he  second order shock ex- 
pansion method is employed. Since the  Prandtl-Ifeyer r e l a t i o n  and 
second order shock expansion method a r e  applicable only along the  
strerlmlines i n  the  plane of symmetry, the  per iphera l  pressure d i s t r i -  
butions a r e  obtained through in te rpo la t ion  formulas given by re f s .  1 3  
and 24. However, experimental pressures can be used when available.  
The present method is applied t o  a sphere, spher ica l ly  blunted 
cones, and a paraboloid i n  hypersonic flows a t  angles of a t tack .  
However, the  bas ic  method is applicable t o  any th ree  dimensional o r  
I * :' 
axisyrnmetric body a t  an  angle  of a t t a c k ,  The procedure for t h e  nunier- 
i c a l  computation of hea t ing  r a t e s  on spher ica lay  blunted cones 
is  i l l u s t r a t e d  and the  assoc ia ted  computer program is a t tached .  The 
ca lcu la ted  su r f ace  inv i sc id  s t reaml ine  pa t t e rns  a r e  compqred with 
those obtained from t h e  method of c l l a r a c t e r i s t i c s  ( r e f .  25), t h e  
s impl i f ied  method of r e f s ,  6 and 26, and t h e  geometric so lu t ion .  
Heating r a t e s  a r e  compared wi th  t h e o r e t i c a l l y  predicted r e s u l t s  
us ing  the  s impl i f ied  method ( r e f .  26) and measured d a t a  of Zalckay 
( re f .  13) and Cleary ( re f .  27). 
6.1 Axisymn~etsic - Analogue 
In  order t o  inves t iga te  the heating r a t e s  over a general three  
dimensional body o r  a body of revolut ion a t  an angle of a t t ack ,  i t  i s  
convenient t o  mite the  boundary layer  equations i n  a streamline- 
orfented,  orthogonal, curvi l inear ,  coordinate system. A s  sho1.m i n  Fig. 
I, t he  coordinate d i rec t ion  5 coincides with the  loca l  ex te rna l  invis-  
c id  streamline projected i n  the  plane tangent t o  the surface;  $ is a l s o  
i n  the  tangent plane and normal t o  E ;  and z is measured from the  sur- 
face  along a s t r a i g h t  l i n e  normal t o  the  tangent plane. The metric  is 
where hld& = dS and dS is the  length element along a s treamline i n  the  
boundary layer; hl(&, B) and h2 (6, B) a r e  the  s c a l e  f ac to r s  f o r  the  & and 
6 direc t ions ,  respectively.  
. Sn t h i s  coordinate'system, the  equations governing the  steady 
laminar boundary layer  flow of a homogeneous gas, i n  the  absence of body 
forces and heat  sources, may be w r i t t e n  a s  (Ref. 28) 
Continuity: 
&-momen tum: 
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The boundary c iad i t ions  a r e  
where A i s  the  boundary l aye r  th5cknesa. 
It is shown i n  Refs. 5, 9, an.' '1.0 t h a t  the  small crossflow 
approximation i s  v a l i d  f o r  an a rb i t t32y  streamline when the  quant i iy  
[ ( v ~ I u ~ ) ~  - p,/p) is small. This quan. l.ty i s  small f o r  highly cooled 
walls,  which general ly e x i s t s  f o r  hypK.;~sonic onditions. Set t ing  
(V /u )2 - p,/p = 0, the  $-direction rn~>nentrun equation i s  homogeneous 1 e 
i n  V2 and has homogeneous boundary c .::ditions; thus, the small 
crossflow assunlption reduces t h i s  equation t o  sftnply 
V q  = O ( ins ide  the  boundary layer)  ( 5 )  
Then Eqs. (1) t o  (3) can be wri t ten  a s  
Continuity: 
6-;omen turn: 
Energy : 
The boundary conditions a r e  a s  follows: 
Equations ( 6 )  t o  (9) a r e  i d e n t i c a l  t o  those governing the  laminar 
Boundary layer  over an axisymmetric: body a t  zero angle of a t t a c k  i f  one 
replaces h2 with the  r a d i a l  coordinate r and S is dis tance  d o n g  a 
s t reamline ,  where aga<n dS = hl dF . 
. . 
The analogue ia ?rle governing equations permits the  heat ing r a t e s  
t o  be ca9culated by any method applicable t o  a body of revolut ion a t  
zero angle of a t t ack  p.,:.)vided'the streamline geometry and thf: sca le  
f a c t a r ,  h a r e  kao1~r.1 from the  i r ~ v i s ~ , I $  solu t ion  an the surface  of the  2 ' 
body i n  question. 
For t h e  tu rbulen t  boundary l a y e r  a t  hypersonic epeeds, t h e  
equat ions governing t h e  mean motion of tu rbulen t  flow i n  t h r e e  dimen- 
s i o n s  a r e  a l s o  analogous t o  those f o r  axisynunetric f l o t ~ s ,  as indicated 
by Vaglio-Laurin (Ref. 9). Thus, t h e  axisymmetric analogue h ~ l d s  f o r  
t h e  tu rbulen t  a s  w e l l  a s  t he  laminar boundary l a y e r  f o r  hypersonic 
f J.o~b?s over bodies  with a cool  t ~ o l l .  
6.2 Calcc?lation of Laminar and Turbulent Heating Rates 
6.2.1 Laminar Heating Rate Expression -- 
For the  ca lc t l l a t ion  of laminar hea t ing  races, ~hi'! methoci of Lees 
(Ref. 11, developed f o r  t h e  LC1ot.r over blt*n?tc? I,f)d.l,e.a :~f r evo lu t ion  a t  
z e r q a n g l e  of a t t a c k  and a t  hypersonic sges53, 3):.r, $9 uscd i n  t h e  
a x i s p m e t r i c  analogue. Lees g ives  
-- 
'I, 
-E $, [IS P 3 r2dsl 
0 O Po VOo 
Lees a l s o  shows t h a t  t h e  modifit!d Newtonian pressure '  d i s t r i b u t i o n  com- 
bined with tila assumption of i e e n t r o p i c  flow along t h e  body su r f ace  
y i e l d s  
N ~ t e  t h a t  "G" is used only k:. t h e  expression f o r  t h e  heating r a t e  a t  
the se.;;i.%cr..:..ir ;rt;c.t where L l e  modified Newtonian pressure  d i s t r i b u t i o n  
' . .' 
According t o  the  axisymnletric analogue, Eqs. (10) and (11) a r c  
a l s o  applicable t o  any invisc id  surface streamfine on a three-dimen- 
s ionalbody a t  an angle of a t tack  i f  S is the  d is tance  measured along 
the  streamline and r is replaced by the s c a l e  f ac to r ,  h2, eorrespond- 
ing t o  the  coordinate 6 measured along the  body surface and perpendi- 
cular  t o  the streamline. (B is constant alofig a given streamline.) 
5.2.2 Turbulent -- Reating Rate Expressions 
For turbulent  heat ing r a t e s ,  two expressions a r e  used along with 
the  a x i s ~ m e t r i c  analogue. After  inves t iga t ing  severa l  methods f o r  
computing the  ta rbulent  heat ing r a t e s  on a x i s y m e t r i c  bodies a t  zero 
angle of a t tack ,  it was found tha t  the  method of Vaglio-Laurin (Ref. 9) 
gives more accurate r e s u l t s  than the  others .  As mentioned previously, 
it was developed f o r  hypersonic .Flot?s with highly cooled walls  and 
pressure gradients.  However, a new and r e l a t i v e l y  simple expression 
3s derived here f o r  comparison purposes. From now on, the  former is 
designated a s  Expression I, and the  l a t t e r  a s  Expression T I .  
(a) Ex"pression I 
Baglio-Laurin (Ref. 9) g3.ves 
where Cf* is determined by 
Equations (12) and (13) a r e  already wr i t t en  i n  the streamline coor- 
d inate  system. The quan t i t i e s  with subscript  "r" r e f e r  t o  a reference 
' , :. 
condition which may be evaluated at: the stagnation s t a t e  of tho exter- 
n a l  flow o r  by the  expression 
o r  its equivalent 
a s  suggested by Xckert (ref .  17). However, according t o  r e f .  9,  a 
choice of the  reference conditions based on Eq.(l4)leads t o  heat ing 
~ a t e s  higher than t h e  measured values. 
In p r a c t i c a l  appl ica t ions  it is convenient t o  ca lcula te  the  r a t i o  
of the  l o c a l  heat ing r a t e  t o  the  heat ing r a t e  a t  the  stagnation point .  
Using the r e s u l t  of Lees ( ref .  1) f o r  the  stagnation point  heat ing r a t e  
(laminar) and the  condition of a highly cooled wall ,  (He >> Hw) Eq. (1%) 
is recas t  a s  
The impl ic i t  expression f o r  Cf* i n  Eq. (13) requi res  an i t e r a t i o n  
process, and t h i s  process general ly converges very s l o ~ ~ l y .  Therefore, 
a simpler means f o r  evaluat ing C * becomes desizable. Let f '  
then Eq. (13) becomes 
kncf* + z = 0.4,~ c~*-]-/~ (17) 
and C ,k is calculated by iteration from Eq. (173' for a given Z ,  'i%e f 
range.of variation of Z is 2 < Z < 14 for a possible turbulent flow; 
- - 
and it is found that the following fifth order polynomial.in inverse 
powers of Z yields Cf* approximately, 
where a . a are determined from iterated results of Eq. (17). Their 
0 5 
values are given in Eq. (C-14) of Appendix C for 2 - < Z 5 14, and the 
grapR of Eq. (18) is shotm in Fig. 33. 
(b) Expression 11. 
This method is new and basically similar to that of Rose, Probstein, 
and Adams (Ref. 2) except a different transformation is used and the 
pressure gradient effect is considered. For inconpresslble flow over a 
flat plate one may use the 1/7 power law velocity distribution to 
obtain the modified Blasius formula for the local skin friction coeffi- 
cient of a turbulent boundary layer. This expression is given by 
Schlichting (eq. 21.12 of Ref. 29) as 
where ReL = p,ue!t/p, and !t is the distance along a flat plate. 
To apply the above formula to compressible turbulent boundary 
layers, Wager (Ref. 15) found the transformation between skin friction 
coefficients and Reynolds numbers as 
With these re la t ions ,  Eq. (19) may be wr i t t en  a s  
7 f o r  a f l a t  p la te .  Equation (22)  is  va l id  up t o  ~ e k  = 10 .as indicated 
i n  ref. 15, Subst i tu t ing t h i s  r e s u l t  i n t o  the  modified Reynolds' anal- 
ogy f o r  turbulent flow 
1 Nue = pf 'E Re, 
(as given i n  re f .  2 9 ) ,  one obtains 
wheri Nu, is the  l o c a l  Nusselt number, defined by 
In  turn, Eq, (24 )  can be wr i t t en  as  
f o r  a f l a t  p la te .  
In  order t o  take account of the pressure gradient and the ~ a r i a -  
t ion of f l u id  prop,:rties a t  the  edge of boundary layer ( in axisymmetric 
. Eicv), the  characZceristic length R i n  Eq. (25) should be stretched by a 
fur ther  transformation (ref, 9). Following the well known and verif  icd 
approximation that  the same flow mechanism holds local ly  on axisymmetric 
bodies as on two-dimensional bodies (see, f o r  example, re f s .  2 and 9 ) ,  
the expression fo r  R is obtained by transforming the solution of the  
in tegra l  moinentunl equation f o r  a f l a t  p la te  t o  that  f o r  axisymmetric 
flow. The general i n t eg ra l  momentum equation is  (ref .  30) 
where Ht is the  form factor ,  
and A* and O a re  the  boundary-layer displacement thickness and momentum 
thickness, respectively. 
In  the  case of a f l a t  p la te ,  Eq. (26) reduces t o  the  form, 
The solution t o  Eq. (27) is  obtained by using the semi-empirical re la t ion  
given by Schlichting (ref .  29) 
where K is a constant , '  Substi tut ion of Eq. (28) i n to  Eq, (27) and inte-  
gratlon yie ld  
By the  foregoing approximation tha t  the  same flow mechanism h ~ l d s  
loca l ly  on axisymmetric bodies a s  on two-dimensional bodies, expres- 
s ion (28) is a l so  va l id  f o r  the  l e f t  hand s ide  of Eq. (26) ; and accord- 
ing t o  Lees ( ~ e f .  1) and Vaglio-Laurin ( ~ e f  . 9), Hf = -1 f o r  hypersonic 
flows with highly cooled walls.  Hence, Eq. (26) becomes 
wh0.ch in tegra tes  t o  
Equating Eqs. (29) and (30) one obtains 
Using t h i s  r e s u l t  i n  Eq. (25) and replacing r by h2 and x by S, 
t h e  l o c a l  turbulent  heating r a t e  a t  the  wall  on asbody a t  an angle of 
a t t a c k  becomes 
0.0296Pr -213 (H -h )p  1.05 0.8 0.05 l / 4  U v 
e w e  "e e r h2 % = 0.6 s 5/hU 114 5/4ds11/5 . (32) 
" o r e  e r h2 
A s  done f o r  Expression I, Eq, (32) is recas t  i n t o  the  form of the  
r a t i o  of the  loca l  heating r a t e  t o  the heating r a t e  a t  the stagnation 
point ,  
Again, the  reference quan t i t i e s  can be evaluated with the  a i d  of Eq. 
(14) 
I n  applying the  axisymmetric analogue, the  d i f f i c u l t y  l i e s  i n  the  
determination of the  surface invisc id  streamline geometry, sca le  f a c t o r  
(h2)$ and the  surface pressure d i s t r ibu t ion ;  a l so ,  f o r  the  turbulent  
boundary layer ,  the  t r a n s i t i o n  point  is not known. 
6.2.3 The Transi t ion Point  
The d i f f i c u l t y  of determining the t r a n s i t i o n  point  ( t r ans i t ion  from 
laminar t o  turbulent  boundary layer)  i s  w e l l  known. Analyses concern- 
ing the  c r i t e r i a  of the  t r a n s i t i o n  point  a r e  mainly based on experlmen- 
t a1  observations ( r e f s ,  12 ,  14 ,  31, 'and 32). For a body a t  an angle of 
a t tack ,  the  t r a n s i t i o n  c r i t e r i a  f o r  axisymmetric flow should be equally 
applicable t o  the  same body a t  an angle of a t tack ,  i f  t he  meridian l i n e  
%n the  former is replaced by the  streamline i n  the  latter. Using shock 
tube observations, Stetson ( ref .  31) shoved t h a t  t r a n s i t i o n  f i r s t  
occurred i n  the  sonic region and t h a t  the  t r a n s i t i o n  Reynolds number 
(based on l o c a l  f l u i d  proper t ies  a t  the edge of boundary layer  and the  
momentum thickness) varied from roughly 200 t o  600, depending on the  
freestream conditions and the  body shape h is tory .  This r e s u l t  was ver i -  
f ied by Cresci, Mackenzie and Libby (ref. 12) qua l i t a t ive ly  and was a l s o  
accepted by Zakkay and Callahen ( ref .  14) and Bloxsom (ref .  32). I n  
connection with the calculation of momentum thickness Reynolds 
number, Ref. 12 gives, (according to the theory of Lees), 
* 
??he above equation'has been recast and written in the present notation, 
where 
'60 evaluate the transition behavior of the boundary layer over 
bodies at an angle of attack, the integration of Eq. (34) should be 
carried out along a streamline with r replaced by the scale factor, h2 
based on the previous arguments. However, the transition Reyno1.d~ ntlm- 
ber given by Eq. (34) yields only a possible range in which the transi- 
tion might occur. The true transition point (within the range Re 0 
from 200 to 600, roughly) depends on the freestream conditions, body 
shape, wall to stagnation enthalpy ratio and surface roughness. Apart 
from making rough assumptions, no definite criteria can be made in this 
regard. Therefore, both laminar and turbulent heating rates are calcu- 
fated simultaneously; and to indicate the region of possible transition 
points, Eq. (34) is used along with the criteria observed in Refs. 12 
and 31, i .e., Re varies from 200 to 350 for a blunt cap, 200 to 500 8 
for a conical afterbody, and 200 to 600 for a cylinder. 
6.3 Calculation of Streamlines and Scale Factors 
Previous analyses on the calculation of surface streamline geometry 
and scale factor require cumbersome computations (Refs, 10 and 22). 
Thus, a simpler, but  rigorous, motbod be2ornes desirable.  
For the  flow over a body of revolution a t  an angle of a t t ack ,  
the invisc id  momentum equations along t h e  surface (from ref. 28) are:  
x*-momen tum : 
where x* is the  d is tance  along the  body a x i s  of symmetry (dx* = 
(l+f'2)-112dx) and 4 is the azimuthal angle measured from the  windward 
line (see Fig. 1). The veloci ty  components u and w a r e  meawred a1or.g 
the surface  i n  the  x and $I d i rec t ions ,  respectively,  a s  shown i n  Fig. 1, 
The body radius i s  f = f(x*), measured from t .5~ a x i s  of symmetry. 
The geometry of any streamline emanating from the  s tagnat ion  p o i n t .  
may be expressed as  4 = $I(x*, . B) ,  where again B is  constant along a 
gtven streamline. The coordinates a r e  r e l a t e d  t o  the  ve loci ty  components 
through the  relat ion,  
D Define - as the  s u b s t a n t i a l  der iva t ive ,  or de r iva t ive  (with respect  
DX* 
to  x*) along a streamline. Thus, 
ug 
md the streamline equaticn becomes 
e -- 
Dx* E u 
Differentiate Eq, (36) with respect t o  x* to  get 
Du 
Dx* u 2 
and using Eq. (361, the above can be written as  
~u au w I + P ~ ~ U  
- r - + -  -- 
DX* ax* 11 f . a+ 
Use t h i s  result  i n  Eq. (35a) to  ge t  
In a similar manner, E q ,  (35b) becomes 
then 
Substituting Eqs. (36) and (38) into  Eq. (37) and simplifying, there 
resu l t s  
where P I ,/1+;", 
Now, introduce a new var iable  0,  the angle between the tangent of 
l o c a l  streamline and body meridian l i n e ,  i .e,, 
JX = F tan0 Dx* . f 
. Different ia t ing  t h i s  equation with respect  t o  x* yie lds  
L -- 1 - F J a  
Dx* 2 F Dx* Dx* f coa 2 f Dx* 
. Combining t h i s  r e s u l t  with Eq. (39) y ie lds ,  with the a id  of E q .  (401, 
Equations (40) and (41) a r e  va l id  along a streamline (where B is 
constant),  so they can be integrated sim*~ltaneously t o  determine ;he 
geometry of a chosen streamline, 0 = 8 1>;,hp.) r a d  4 = $(x*), However, the 
darivati-qeei and 3 i n  Eqs. (40) and (41) become i n f i n i t e  a t  the  DxG 
most forward point  of the  streamline +:*re 0 = 90'. Of course, t h i s  
occurs only f o r  streamlines tha t  move forward from the  stagnation point  
(as shown i n  t h e  sketch on the  next p.rge), In connection with these 
inf in3 t e  derivativcs, i t  is 
helpful bo rewrite Eqs .  (40) 
and (41) by using S, the distance 
. . 
measured along a streandine, 
as an Independent variable 
ins4ead of x* ,  
From the sketch shown below 
St is seen that 
??P = C O S ~  Fdx* -I- sin6 kd4 
Now apply th i s  result  along a streamline to get 
and using Eq. (40) for D+/Dx*, there results  
Then Eqs. (40) and (d) may be written as 
and 
Equations (42), ( 4 3 ) ,  and (44) cons t i tu te  a s e t  of simultaneous, 
f i r s t  order, ordinary d i f f e r e n t i a l  equa:ions f o r  detern~ining the  geo- 
metry of a chosen streamline from know pressure d is t r ibut ion.  The 
in tegra t ion with d i f fe ren t  i n i t i a l  conditions gives d i f fe ren t  stream- 
l ines .  The evaluation of i n i t i a l  conditions w i l l  be presented i n  
Appendix B. 
The next task  is  t o  determine the  equation f o r  tlie s c a l e  fac to r ,  
h2P along a streamline. A t  a general point on the  surface of the  
body, the  sketch shown below holds. For t h i s  analys is  consider 
From the  sketch f t follows t h a t  
Since x = x (S,B) and 4 = Q (E,B) 
then 
2 2 ax,&& 
w a E  acas 
2 2 
asac acas 
??or Eq. (45a) 
ax a ae ah2 (-1 = - (- hl s ine)  = - h2 COSO - - s ine  -a~ a6 35 a E a E 
and 
3% a ahl ae (-1 = - (hl C O S ~ )  = cose -- hl s ine  -
a6 a& a$ a~ a B 
Equating the right sides of the abow two equat$ons gives 
For Eq. (45b), 
and 
hlcosO 2 
'lSin0 sine  ah^ + ae f 'hlh2sin 0 a a ) =.-- 
as'af:)'Z( f f as f as f2p -I- 
Equating the right sides of the above two equations gives 
h2cot0 af f 'hlh2sin 6 
- ah2 hlcotO - - (47) 
= cote -- a e -_---- ae a 6 a 6 h2 af: f ac as f F 
I Substituting Eq, (47) into (46) and simplifying, one obtains 
Since hldE = dS, the above equation may be written along a streamline as 
8 0 The term (-1 in Eq. (48) is obtained by differentiating Eq. (44) as 6 
with respect to and letting 
The result is the following: 
2 h2 . s i n  0 a 1 aP sin3cosO .a- 1 8P 
+- { - -  - sin0cosG k 1 aP) . F ax* - )  PF ax22 f~ a( (----I P ax* 4- ax* (E 
YM 
. (49) 
Equations (48) and (49; a r e  t o  be solved simultaneously along 
with Eqs. (42), ( 4 3 ) ,  and (44) f o r  t h e  desired streamline geometry J 
4 = $(S,B) and sca le  f a c t o r  h2 = h2(S,B). These equati\-ns, i n  turn,  
require  the  pressure d i s t r i b u t i o n  along the  surface. 
6.4 Estimation of Surface Pressure Dis t r ibut ion 
6.4.1 _Theoretical Methods 
As indicated i n  t h e  previous analysis ,  a known surface pressure 
d i s t r i b u t i o n  is required f o r  ca lcula t ing t h e  invisc id  streamline geo- 
metry and sca le  fac to r  a s  w e l l  a s  heating ra tes .  It is w e l l  known t h a t  
t h e  pressure d i s t r ibu t ion  over blunted bodies f s  predicted f a i r l y  accu- 
rately by t h e  modified Newtonian pressure d i s t r ibu t ion  near t h e  nose 
region and is wr i t t en  as . 
P p, 2 % Po0 2 
- = (1 - F) cos 0 + = (1 - F) (cosasi1.6 + sinacos6cos() + - 
Po 0 0 0 Po 
where 0 and 6 a r e  t h e  l o c a l  surface inc l ina t ions  with respect  t o  the  
freestream veloci ty  and body ax i s  of symmetry, respectively. Sirice 
f '  
and cosd = 1 
= A - 2  G2 
i t  follows t h a t  
pa, 
where i s  given i n  ref .  33 f o r  a perfec t  gas, with constant r a t i o  of 
0. 
s p e c i f i c  heats  a f t e r  t h e  normal shock, as 
The modified Newtonian theory loses  its accuracy where the  slope 
of t h e  surface with respect  t o  the  f r e e  stream veloci ty  is small. It 
can be improved by employing the  Prandtl-Bfeyer expansion dotmstream 'of 
t h e  "matcliing point  ," i. e. , where both pressures and pressure gradients  
calculated using both methods a r e  equal, a s  suggested by Kurfman (ref .  
24). The app l i cab i l i ty  of t h e  Prandtl-Ifeyer r e l a t i o n s  t o  t h e  th ree  
dimensional case was j u s t i f i e d  by Eggers, Savfn, and Syvertson (ref .  
34), i f  (a) disturbances or ig inat ing on t h e  surface a r e  l a rge ly  absorbed 
i n  t h e  shock wave and (b) disturbances with t h e  divcrgence of stream- 
f i n e s  i n  tangent planes t o  the  surface a r e  of secondary importance 
compared t o  those associated with t h e  curvature of streamlines i n  planes 
normal t o  the  surface. However, t h e  ~ r a n d t l - ~ e ~ e r  r l a t ions  hold only 
along a streamline, and t h e  pressure d i s t r ibu t ion  must' be known before 
t h e  streamline can'be calculated. The problem is resolved by u t i l i z -  
ing  t h e  expression suggested by Kaat tar i  (ref .  35): 
'r ('0,180) 2 + (-9 sin 4 (52) % u=o Po ufo 
where P 
and Pr,180 a re  pressures a t  a g'iven r on the windward r ,o  
and leeward sides, respectively. Pr is  the pressure a s  a function of 
' r a t  zero angle of a t tack and the pressure a t  ,the most' ' 
forward point of the body. Note that  a l l  these pressures a r e  functions 
of x* except 
'0, 180 is a constant fo r  a given or. 
Equation (52) permits one t o  determine pressure dis t r ibut ions  
over blunt bodies a t  angles of a t tack when the pressure i n  the ver t i -  
cal plane of symmetry is  known a t  the  angle of attack Sn question and 
also a t  zero angle of attack. The method holds up t o  a = 40' a s  con- 
servatively suggested by ref. 35. Since the ve r t i ca l  plane of symmetry 
of the body a t  an angle of attack contains the most windwara and lee- 
ward streamlines, and the meridian l ines  of an axisymmetric body a re  
actually streamlines a t  zero angle of attack, then the pressure es t i -  
mation techniques of matching the modified Newtonian law and the Prandtl- 
Meyer re la t ion is applicable t o  determine the required pressures on the 
. r i g h t  s ide of Eq. (52). It should be noted tha t  Eq. (52) is an inter-  
polation formula fo r  the circumferential pressure distribution.  Another 
interpolation formula is given 3.n Section 6.4.2 fo r  conical afterbodies. 
Based on the above argument, Eq. (52) is employed fo r  pressure dis- 
tr ibutions dowtistream of tile matching point fo r  the streamlines i n  the 
plane of symmct:ry. The d i f fe ren t ia l  equation governing the Prandtl- 
Meyer re la t ion is 
where v is the PranCtl-EIcyer angle,  To f a c i l i t a t e  the  in tegra t ion  
along a streamline, the  above equation is recas t  by using S, the  a r c  
length along a streaniliae, a s  the  independent var iable .  This is done 
' a s  follows, 
Dx* d Dx* dv d D (9 - -  (s-> =--- (L) 
DS P, DS dx* P, 
- - 
DS dx* dv Po 
Since v = constant - Arctan(£ ') 
and from Eq. (42) 
For t h e  streamlines i n  the  plane of symmetry, cos0 = 1. Therefore, Eq. 
(53a) becomes 
Note, however, t h a t  t h i s  expression y ie lds  constant pressure on surfaces  
of constant s lope (f" = 0). 
For t h e  region beyond the  shoulder of a blunted cone, where the 
s lope  of the  surface is constant,  i t  was found t h a t  the  second order 
shock expansion theory developed by Syvertson and Dennis ( ref .  36) i s '  
appropriate. The second order shock expansion theory gives the  pressure 
d i s t r ibu t ion  along t h e  cone surface  ( in  the  plane of symmetry) a s  
where P is  the  pressure on the  cone surface. For a cone a t  an angle 
C 
of a t tack ,  the  value of PC on the  windt~ard and leeward l i n e s  m e  be 
obtained from the  cone solu t ion  a t  zero angle of a t t ack  (such a s  r e f ,  
37 o r  38) i f  the  cone half-.angle is  replaced by the  surface incl ina-  
t i o n  angle measured with respect  t o  the  f r e e  stream veloci ty .  The 
term P is the  p e s s u r e  inunediately a f t e r  the  juncture of a blunted 3 
cone, and 
-. 
Were t h e  subscr ip t  "j" implies the  quan t i t i e s  evaluated j u s t  a f t  of the  
juncture, and "1" evaluated a t  one length segment before t h e  juncture. 
The l o c a l  surface  inc l ina t ion  with respect  t o  the  body a x i s  of symmetry 
Equations (54) est imate the  surface  pressure i n  the  form of an 
exponential decay i f  P > P . Recompression of the  surface  pressure J c 
occurs when Pj  < PC. I n  any event,  both cases s a t i s f y  the  boundary con- 
d i t i o n s  exactly a t  the  juncture and a t  the end of an i n f i n i t e l y  long 
cone. I n  case the  cone surface  inc l ina t ion  with respect to  the  f r e e  
stream veloci ty  is la rge r  than the  "matclulng" slope f o r  the  Prandtl- 
Meyer re la t ion ,  then i t  i s  more appropriate tom use the  modified 
Newtonian pressur'e law. Note t h a t  Eqs. (54) a r e  used only along the  
windward and leeward streamlines. For bodies a t  an angle of a t tack,  
t h e  circumferential pressure d i s t r ibu t ion  is obtained from an inkcr- 
gola t ion formula such a s  Eq. (52) o r  Eq. (56) i n  the  next sect ion.  
In summary, the  surface pressure d i s t r ibu t ion  over the  body i n  
question is f i r s t  predicted by t h e  modified Newtonian pressure d i s t r i -  
bution near t h e  stagnation region; then by t h e  Prandtl-Meyer r e l a t i o n  
beyond the  "matching point," and f i n a l l y  by t h e  second-order shock 
expansion method over t h e  cone surface. The l a t t e r  two must be 
applied along the  windward and leeward l ines ;  and thus, an interpo- 
l a t i o n  formula is needed f o r  circumferential  pressure d is t r ibut ions .  
These methods a r e  not only simple and f a i r l y  accurate f o r  estimation 
of pressures, but a l s o  y ie ld  der ivat ives  of the  pressure f o r  rapid 
computation of the  streamline geometry and s c a l e  fac tors .  
The surface pressure d i s t r ibu t ion  required by the  present method 
can a l s o  be obtained from the  experimentally measured values o r  those 
from more sophfst icated methods. This is par t i cu la r ly  des i rable  f o r  
bodies with a blunt  f r o n t  surface and a rounded shoulder (Apollo-type 
reent ry  bodies). This type of body, while t ravel ing a t  hypersonic 
speeds, w i l l  have the  forward blunt  surface i n  the  subsonic region and 
the  f l u i d  propert ies a r e  strongly influenced by the  sharply rounded 
shoulder. The surface pressures predicted by t h e  modlfied Newtonian 
law deviate from the  experimental values up t o  15% (ref .  39). Other 
cases where the  surface pressures a r e  not predicted nccurately by 
t h e  simple method described i n  the  previous sehtion is the  case of 
. a  very long blunted cone. For t h f s  type of body, there  may be a 
"pressure w e l l "  over the  afterbody surface (ref .  25) which cannot be 
predicted by the  second order shock expansion method. For these 
partic.ular cases, the  surface pressures should be obtained from 
experimental da ta  o r  from more sophist icated methods, such a s  t h e  
method of charac te r i s t i c s .  
6,4.2 In terpola t ion Formulas 
%n order t o  f a c i l i t a t e  the  ca lcula t ion of streamlines, sca le  
fac tors ,  and heating r a t e s ,  i t  i s  necessary t o  have an in terpola t ion 
i ;  
i formula from which the  pressure der ivat ives  may be obtained. For 
1 $1 
? I  h i g h l i  blunted bodies, Eq. (52) is appropriate. . . For long blunted I cones, Zaakay (ref .  13) suggests t h e  f ollowin& interpola t ion f annula, 
where A', BO, and EO are functions of x* t o  be determined from 
i j 
8 1 known data, whether experimental o r  theore t ica l .  Let 
0 Pr A - A a,  B = Boa + (F) a=0 0 3  and E = E a 
0 
Eq. (55) is then simplif ied t o  
where A, B, and E a r e  a l s o  functions of x" t h a t  can be 
'determined as shown i n  Appendix 6.  
I f  experimental pressures a r e  available,  Eqs. ( 5 2 )  and ( 5 6 )  may 
a l s o  be used t o  determine the circumferential pressure var ia t ion .  I n  
order t o  obtain longitudinal  pressure derivatives,  an in terpola t ion 
fornula f a r  the  longitudinal  pressures i s  needed. This may be accomp- 
l ished by using a polynomial f i t  with t h e  a i d  of the  method of l e a s t  
squares. 
For other types of blunt  bodies, t h e  simple theore t i ca l  methods 
given i n  the  previous sec t ion should y ie ld  f a i r l y  accurate surface 
pressures. In general, it is  adequate t o  use Eq. ( 5 2 )  f o r  the  forward 
blunted surf  ace region and Eq. ( 5 6 )  f o r  conical a£ terbodies. 
6.5 Application and Eiethod of Computation 
The method developed i n  the  previous sec t ions  is applied t o  a 
sphere, a spher ica l ly  blunted cone and a paraboloid t ravel ing a t  
hypersonic speeds and a t  an angle of at tack.  The 'sphere case is  
considered mainly f o r  t h e  purpose of comparing the  r e s u l t s  of stream-. 
ldne geometry and t h e  s c a l e  f a c t o r s  calculated by t h e  present method 
with those obtained from the  exact geometric solut ion.  The paraboloid 
9s chosen t o  represent the  general  nature of other body shapes t h a t  
may be t rea ted  by the  present  method. 
For a l l  of the  above three  cases, t h e  streamline geometry and the  
s c a l e  ftictor,  h2, a r e  determined by in tegra t ing the  following s e t  of ' 
simultaneous, f i r s t  order, non-linear ordinary d i f fe ren t ia l  equations 
derived ear l ie r :  
DCI 1 (--- sin0 a~ C O S ~  a~ f 'sine 
- 1 = -  ---) - 
~ M ~ P  F ax* f a4 f~ 
2 
sin e a (A .a) + sinBcos0 -8 1 ap sinecose 8 1 aP + 2 {- 7-Pp 3x* £F a4 (-7) P ax+ + p s ~ ( ~ ~  %I 
YM 
2 
cos e a 1 ap 
O --- it 'sine) [sine ~ ~ 3 ~ 2 )  - m a- ~ ~ 2 )  I I (,!,9) 
f a4 (~87) +'%+ r~ F ax* r 34 
.With a s e t  of given i n i t i a l  conditions, the solutions of the above equa- 
t ions is carried out by the fourth-order Runge-btta method of numerical 
?.ntegration (ref.  SO) along a strearaline. The evaluation of i n i t i a l  con- 
di t ions  is presented i n  Appendices A and B. The stagnation point is 
assu;~~ed t o  be the point where rbe surface inner normal vector coincides 
with the f r ee  stream velocity, See., 
A s  discussed i n  ref.  43, it is exactly t r u e  f o r  tile case of a sphere 
or  a spher ica l ly  bluntad cone with the  s o t ~ i c  l i n e  lying on the spheri- 
. cal  cap. For other  cases i t  Is only approximate. 
For the  rcgioh near the  stagnation point ,  iq. (50) is used f o r  
the  pressure d i s t r i b u t i o n  and i ts  der iva t ives .  Downstream of the  
matching poin:, Eq. (53) along with Eq. (52) is employed. The use of 
these  two jret2sure est imation techniques i s .d i s t ingu i shcd  by the  locus 
of the  matching points  a t  a $ 0, a s  shown i n  the  sketch below. 
It is a l s o  seen, i n  the  sketch t h a t  the  input pressures, P0,180 ' 
'r ,180 and P f o r  Eq. (52) are the  pressures a t  points  0, 1, and 3, r S O  
respectively.  The pressure Pr is  the  pressure a t  point  2 when a = 0. 
On a given streamline, the pressure beyond the matching point 
a s  functions of For 
the region where these pressures f a l l  within the Prandtl-Mcyer 
domain, a relationship between the local  M and the Prandtl-Meyer 
angle u is desirable. An i t e r a t i on  technique suggested by Collar 
(ref. 42) is used here. Collar gives 
where ME and Mn+l axe the asstuned and improved IIach numbers for 
s given u, 
. For a gP~c..- x* statior,, the ~randtl-Ifeyer angle along the  
leeward streamline is glven by 
v =  v + 6 - arctan f '  + a  Q 9 (584  
. where v and 6 a r e  the  Praadt f-Meper and surf zle Incl, -.tion Q 9 
a!glec, respectively, a t  the  matchin8 podnt f o r  a = o. Simarily, 
the Prandtl-Meyer angle on the  windward streamline is 
v = v + 6 - arctan f '  - a - 
9 9 (58b) 
Since Pr is  the pressure a t  gfven x* stetio;. l o r  u = o, 
the u corresponding t o  a = o is given by 
= v + 6  - arctan f '  
'a=o (1 q 
The matching point is  determined by the method of ref .  1 4 ,  which 
provides charts fo r  obtaining Mach number and surface inclination angle 
a t  the rratching point fo r  a given P-/P . I n  order t o  f a c i l i t a t e  digi- 
0 
t a l  eomputation, the resu l t  fo r  M versus P,/po given i n  re f .  24 is 
4 
transformed t o  the following third order polynomial 
 quat ti on (59) holds for  3 - c Moo 5 20. A s  shown i n  Fig. 3, 14 is  a weak 
P 
function of P,/P*. 
To calculate lamfnar and turbulent heating ra tes ,  Eqs. (lo), (16), 
end (33) a r e  numerically integrated by Simpson's one-third ru l e  along a 
atreemline. The pressure d i ~ t r ~ b u t i o n  used here is the same a s  that  for  
: I  the streamline geometry and scale factors. A s  mentioned i n  Section 
6.1.3, both the laminar and turbulent heating ra tes  a r e  calculated a t  
the same time. To indicate the region of possible t ransi t ion points, 
Reynolds numbers based on local  external properties and che momentum I 
, I  - thickness are also calculated along a streamljne. The velocity r a t i o  
I . .  appearing i n  Eq. (10) is .obtained from the pressure assuming an isen- 
t ropic  expansion along a streamline from the s tawat ion  point t o  the point 
i n  quest-on. To take account of the r ea l  gas effects ,  an effective spe- 
i .  
c i f i c  heat r a t i o  is used. Other f lu id  properties i n  Eqs. (14), (15), 
(161, and (331, and (34) may also be evaluated appl-oximately from the 
PaentropEc re la t ions  ( ref .  14). Follotiing vagSio-Laurint s suggestion 
( ref ,  9 ) ,  the  reference condition quan t i t i e s  i n  Eqs, (15) and (16) art: 
evaluated a t  the  stagnation s t a t e  of the  external  flow. But those i n  
EqO (33) a r e  obtained using Eq. (14). . I n  addit ion,  a power law rela-  
t ionship between p and T, = (T/T~)', is used with 0.76 5 w 2 1.0. - 
0 
The term r i n  Eq. (10) is replaced by h2, which is calculated from Eq. 
(48). In calculat ing the  turbulent heating r a t e ,  the  value of Z from 
Q, (16) is fed  i n t o  Eq. (18) and the  resu l t ing  C * i n t o  Eq. (15). f 
The above procedure is applicable t o  a general blunted body, 
However, pa r t i cu la r  s t eps  should be  taken f o r  ce r t a in  body shapes, 
These a r e  i l l u s t r a t e d  a s  follows. 
6.5.1 Application t o  a Sphere 
For t h e  case of a sphere, the  procedures f o r  ca lcula t ing t h e  stream- 
line geometry, s c a l e  factors,and laminar and turbulent  heating r a t e s  a re  
the same a s  described above, The body shape is wr i t t en  a s  
?he %nitiaT conditions, evaluated at  a point  generally one s t e p  s i z e  
away from t h e  stagnation point ,  a r e  determined from geometric solut ions  
developed i n  Appendix A. These a r e  
- 
xi = ~ r c c o s  (cosocod i - s inas inZfcos~)  (61a) 
(6 lb) 
(614  
(614 
The barred quanti t ies a re  normalized by the radius of the sphere, The 
subscript "in implies the i n i t i a l  values; Si is the distance measured 
from the stagnation t o  i n i t i a l  point along a streamltne and B defines 
a particular streamline as shown i n  Fig. 2. 
The iliiaerical procedure is progranuned i n  Fortran XV language on 
. the PBM 7040 d i g i t a l  computer. The average execution time for  each 
fncrement i n  S (iacluding integration of the heating r a t e  equations and 
simultaneous d i f fe ren t ia l  equations for  streamline and scale  factor) is  
0.17 second. I f  a step s i z e  of 0.01 is used, an average of 150 incre- 
ments is required f o r  one streamline from the stagnation point t o  
X*/R~=?-; then the execution time is 26 seconds up t o  that  point. A 
typical  body may require heating ra tes  along 20 clffferent streamlines, 
which resu l t s  i n  a t o t a l  computing time of approximately 9 minutes on 
the IBM 7040. 
- 
6.5.2 Application t o  a Spherically Blunted Cone 
In  hypersonic f lox.~s a typical  body shape frequently considered i n  
the l i t e r a tu re  is the spherically blunted cor,~?. However, few investiga- 
tfons have been made for  cases a t  an angle of attack. In  applying the 
present method to t h i s  body, the numer%:al procedure for  calculating the 
streamline geometry, scale  factor,and the laminar and turbulent heating 
raEes is similar t o  tha t  of the sphere. The only difference is that  the 
second order shock expansion method is used fcr estimating the pressurs 
f n  the  plane of symmetry over the  cone surface. To i l l u s t r a t e  a typi- 
c a l  applicat ion of the present metknd, the complete and de ta i l ed  compu- 
t a t i o n a l  procedure and the  corresponding Fortran source program are.  
presented i n  Appendices C and D, respectivelyo 
The average computer execution time is a l s o  the  same a s  i n  the  
case of a sphere, i. e., 0.17 second f o r  each increment i n  S (including 
in tegra t ion of the  heating r a t e  equations and simultaneous d i f f e r e n t i a l  
equations f o r  s treamline and t h e  s c a l e  fac tors) .  A s t e p  s i z e  o£ 0.01 
is used f o r  the  spher ica l  cap region and 0.1 f o r  the  conical afterbody, 
An average of 230 increments is required f o r  one streamline from the  
stagnation point  t o  x*/Ro = 10; thus, t h e  execution t i m e  is 40 seconds 
up t o  t h a t  point.  Also, a typ ica l  body may require heating r a t e s  along 
20 d i f fe ren t  streamlines, which r e s u l t s  i n  a t o t a l  computing time of 
approximately 14 minutes on the IBM 7040. 
6.5.3 Application t o  a Paraboloid 
In order t o  compare the  present  method with t h a t  of r e f s .  6 and 26, 
an f = paraboloid is considered. The computational procedure 
Eor t h e  case of a parabolo2d is the  same a s  t h a t  f o r  a sphere, except 
the  i n i t i a l  cond5tfons a r e  evaluated from Eqs, (B-3) i n  Appendix B. 
I n  Eqp. (B-31, the  i n i t i a l  quan t i t i e s  x * ~ ,  4i, O f ,  h and (ae/af3), 
21 
are given i n  terms of c, A- and BoD f o r  a given angle of at tack.  Care 
must be  exercised i n  se lec t ion  of these values. Physically, e determines 
the locat ion of the  i n i t i a l  point  and A, spec i f i e s  a pa r t i cu la r  stream- 
l i n e  a t  its i n i t i a l  point. The term Boo is an a r b i t r a r y  constant. I n  
the computation, a range of 20 to 200 is .used for Am; E is chosen as 
small as lob6 t o  5 x and Bm may be set t o  ;nity. These quantities 
are shown in Fig. 4.  
The remainder of the computational procedire i s  identical  t o  
that for the case of a sphere. 
WI. RESULTS AND DISCUSS101 
A se r i e s  of programs have been computed on the 'IBM 7040 computer 
&t the Virginia Polytechnic In s t i t u t e  t o  determine the inviscid 
streamline geometry, scale factors,  and both laminar and turbulent 
heating ra tes  over the following bodies and flow conditions: 
(1) sphere a t  a = 15'. ?.id 30'. M- = 8.0. 
' (2) Spherically blunted cone with 9' half-angle a t  a = lo0 ,  Moo = 180 
(3) Spherically bluntkd cone with 20' half-angle a t  a = lSO, Ma = 6.0.' 
( 4 )  Spherically blunted cone with 15' half-angle a t  a = loot 
and 20°, Mooo0 = 10.6. 
( 5 )  Spherically blunted cone with 30' half-angle a t  a = lo0 
and 20°, Moo = 10.6. 
- 
* (6) Paraboloid f = r 3 x  a t  a = 15'. = 8.0; 
The flow conditions h ~ v e  been chosen the same a s  those used i n  several 
theoret ical  and/or 'experimental investigations which a re  available 
f o r  comparison purposes. A l l  the cases above were computed with 
- 
y m =  y = 1.4. The r e su l t s  a r e  presented i n  graphical form i n  Figures 
9.1 Streamline Geometry and Scale Factors 
For the case of a sphere, the calculated streamlines and scale 
factors  a t  Ma = 8.0 and a = 15' a r e  shown i n  Figures 5 and 6 and 
9 , :* 
t@ 
compared with those obtained from t'he known geometric solut ions.  In  
the  region where ' the modified Newtonian pressure dislr i .bution theory 
5s va l id ,  the accuracy of t h e  r e s u l t s  f o r  t n t h  streamline location 
+(x*,B) and s c a l e  fac tor ,  h2, is  within 0.5%. A comparison of the  
. . 
r e s u l t s  is a l s o  made f o r  i h e  region from the  "matching point" t o  the  
posi t ion  # / R ~  = 0. 74. I n  t h i s  region, the  Prandtl-Meyer re la t ion  
As used along with Eq. (52), and the  accuracy o f  the  calculated 
* 
+(x , 6) and h2 is within 1.5%. 
.Fig, 7 shows t h e  calculated streamline d i rec t ion,  8 ,  over a 
sphere a t  angles of a t t ack  of 15' and 30'. The maximum deviation 
from t h e  geometric.solution is 013%. 
,I Since t h e  accuracy of t h e  calculated streamline geometry and 
s c k ~ e  fac to r s  depends on t h e  pressure d i s t r ibu t ion ,  t h e  v a l i d i t y  
. . 
of t h e  in terpola t ion formula f o r  pressure, Eq. (52), has been 
: p a r t i a l l y  tested. The test was t o  compare the  resu l t an t  pressures 
obtained by both Eqs. (50) and (52) near the  stagnation region. I n  
tRis region, i f  the  input  pressures along t h e  windward, meridian 
(a t  a-o) and leeward l i n e s  f o r  Eq. (52) were calculated by using 
Eq. (SO), then t h e  resu l t an t  prsssure should agree with t h s t  obtained 
d i r e c t l y  from Eq. (50). The r e s u l t s  a r e  shown i n  Fig. 8, and the  
agreement is very good. 
In  Fdg. 12 .the calculated streamline pa t t e rns  f o r  a spherical ly,  
blunted 9' half-angle con.+ a t  Mm +t 18 and a = 10' a r e  compared with 
those obtained from the  method of charac te r i s t i c s  ( ref .  25) and the  
. . 
Simplified Metl~od of ref .  6.  The 13 angles specify the  individual, 
streamlines. Two d i f fe ren t  pressure d i s t r ibu t ions  were used f o r  the  
present method. For Pressure-I, the  hybrid (Newtonian plus 
Prandtl- eyer) was used f o r  the  spher ica l  cap and the  pressures from 
t h e  method of charac te r i s t i c s  were employed over the  conk surface. 
Eq. (56) was used f o r  in terpola t ion,  Pressure-I1 uses the  same 
pressure a s  Pressure-I over the  spher ica l  cap, but the  second order 
shock expansion i n  the  plane of symmetry was used along with Eq, (52) 
for the  cone surface. Xn general, the  calculated strearnlines from 
t ie  present method agree very wel l  with those from t h e  method of 
charac te r i s t i c s .  S;owever, considezable deviat ion occu-rs f o r  stream- 
f i n e s  near the  windward side;  t h i s  can be a t t r ibu ted  t o  the  f a c t  tha t  
Eq. (56) f a i i s  t o  y ie ld  appropriate preosures on t h e  windward s i d e  
* 
region near and beymd x = 13.54 a s  indicated i n  Fig. 13. As 
done Sn the  Simplified Method of r e f .  6rthe modified Newtonian 
pressure d i s t r ibu t ion  may a l s o  be used throughout t h e  whole body 
. surface  5n the  present method, However, t h e  r e s u l t s  (which a r e  not  
shown i n  Fig. 12) deviates from t h e  method of charac te r i s t i c s  sig- 
. nif icant ly .  The d ~ v i a t i o n  1s a l s o  s l i g h t l y  l a rge r  than t h a t  of t h e  
Simplified Method of ref .  6. 
Unfortunately no data  f o r  the  s c a l e  fac to r s  can be found i n  
t h e  l i t e r a t u r e .  However, by Inductive reasoning based on t h e  accuracy 
of t h e  streamline geometry, one may presume t h a t  the  present method 
should a l s o  y ie ld  correc t  sca le  factors.  Fi.gs. 19 and 40 i l l u s t r a t e  
t h e  streamline pat terns  and sea@ factors ,  respectively,  f o r  a 
spher ica l ly  capped 20' half-angle cone a t  MW = 6.Q and a = 15'. 
These conditions a r e  the  same a s  those f o r  the  experiments i n  ref .  ? ? .  
I n  t h e  present calculat ions,  the  experimental pressure d is t r ibut5an 
of r e f .  23 was employed along with the i n ~ a r p o l a t i o n  formula of Eq. 
(56), The streamline fo l lo~vs  a trend s imi la r  to' t h a t  of the  
previous caoe. The graph of the  sca le  fac to r  reveals  t h a t  its 
var ia t ion  along a streamline is  consistent  with the  movement of the  
st;eamline. This is evidenced by t h e  f a c t  t h a t  the  sca le  fac to r s  a r e  
proportional t o  the  spacing between two adjacent streamlines. The 
streamlines near the  windward s i d e  wrap around t h e  body a l a rge  amount 
producing a l a rge  spacing betwsen them. Since only r e l e t i v e  values of 
the s c a l e  f a c t o r s  a r e  s f  p r a c t i c a l  i n t e r e s t ,  t h e i r  streanwise varf- ' 
a t i o n  shown i n  Fig. 20 agrees with t h e  spacing between two adjacent 
streamlines a s  indicated i n  Fig. 19. ' 
Pros the  case of s parabol-oid, there  is no simple geometric 
solut fan  f o r  comparfson l i k e  t h e  sphere. However, i n  order t o  test 
. t h e  accura.cy of Eq. (B-3) f o r  evalrAaEixLg t h e  i n i t i a l  conditions, they 
were ffrzt sppllied t o  a sphere, Using Mm = 8.0 and ct = fa0, 20' 
and 30°, the  calculated r e s u l t s  along with those obtained from t h e  
. . 
known geometric solut ion are presented I?, Table I. Excellent agree- 
ment was obtaiced f o r  small values of . Also, t h e  fnf t i a l  da ta  
t o r  t h e  paraboloid, f = /i.3x" at  Mm = 8.0 and a = 15' are 
compared with those of tho Simplified Method of ref .  6, and t h e  
d i f ference  i n  0 obtained by both methods is within 0: 3%. The 
calculated streamline geometry and sca le  fac to r s  a r e  shorn i n ,  
Figs.14 and 15, respectively. The general trend of the r e s u l t s  
* , I '  
agrees reasonably well with the  previous cases except f o r  the  . sca le  
f a c t o r s  of the  two. streamlines, 6 = ,154' and 174'. The magnitude 
of t h e  sca le  fac to r  shown is i t s  r e l a t i v e  value times an a r b i t r a r y  
constant which was tntroduced i n  evaluating the  i n i t i a l  data. 
Therefore, i t  is observed from the  f igure  t h a t  t h e  s c a l e  factors '  
of these  two streamlines s t i l l  exhihi t  t h e  correc t  trend. 
I 7.2 Heat Transfer DistributPons 
I 
%he heat  t r ans fe r  d i s t r ibu t ions  f o r  the  bodies considered were 
calculated i n  terms of t h e  r a t i o  of the  heating r a t e  a t  a l o c a l  point 
t o  t h a t  a t  t h e  stagnation point  o r  i n  terms of Nusselt and Reynolds 
numbers. The surface pressure d i s t r ibu t ions  used f o r  calculztfng 
t h e  heat  t r ans fe r  r e s u l t s  were the  same' is those used f o r  t h e  stream- 
l i n e  geometry and s c a l e  fac tors .  
Pigures 10 and 11 show t h e  longi tudinal  and circumferential  
heating r a t e  d i s t r ibu t ion  over a sphere at  PiU) = 8.0 and a = 15'. 
The present r e s u l t s  a r e  a l s o  compared with those obtagned from the  
Simplified Method. I n  both ncthods the  laminar heating r a t e s  
( a t  a = 0) of Lees, Zq. (lo), were u t i l i zed ;  and t h e  agreement of 
! both methods is very good i n  the upstream regiono The deviat ion 
downstrem is o b v i ~ s ~ s l y  due t o  t h e  use of modified Newtonian 
pressures i n  the  Simplified Method, since t h e  Prandtl-Ifeyer r e l a t i o n  
was used in t h e  present method f o r  t h i s  region, The two pressure 
d i s t r ibu t ions  a r e  shown i n  Fig, 9& The s l i g h t l y  lot7 values of the  
Simplified Method along 4 = 180' ma.,: Re at;tributed t~ the  numerlcaf 
ticuncated e r r o r  i n  ref .  2 6 .  If . the 'meridian l i n e  of a sphere a t  
. se ro  angle of a t tack is replaced by the  streamline a t  an h g l e  of 
a t tach,  then t h e  heating r a t e  r e s u l t  of Lees ( re f ,  1) f o r  a sphere 
at  zero a n ~ l e  of a t t ack  may Se transSormed i n t o  Fig. 10. A s  shown 
fn Pig. 10, the  heating r a t e  r e s u l t s  from the  present method agrees 
with those from re f .  1 as wel l  as the. Simplified Method. 
The dependency of the  heat t ranseer  r e s u l t s  on the  pressure 
d i s t r ibu t ion  used is a l s o  supported bv Pig. 16. For the  case of , 
t h e  paraboloid f = at = 8.0 and a = IS0,  t h e  heating 
rates a r e  shown in Figs. 17  and 18. Although t h e  strea%Yina geometry 
calculated by both t h e  Simplified Method and the  p r c . ~ ~ . : ~ -  method 
deviates Er22m each other,  the  d i f ference  i n  heat  trciusfer is mainly 
. . 
due t o  t h e  pressure d i s t r ibu t ions .  It is observed froin t h e  above 
xesu l t s  t h a t  t h e  heating r a t e s  a r e  ~ i i r e c t ~ y  affec ted  by both pressure 
distribution and streamline geometry (which may be obtained inds- 
pendent of pressure d i s t r ibu t ion) ;  t h e  former is  more sens i t ive  than 
t h e  l a t t e r .  
Xn Figures 21 t o  25 the  heat  t r ,a .~sfer  d i s t r ibu t ion  over a 
spherically blunted 20" half-angle cone a t  Moo = 6.0 and a = 1.5' 
Pe presentedo TRc body shape and flow conditions axe the  same a s  
those used by Zakkay i n  re f .  13. In crde:: t o  compare t h e  r e s u l t s  
with the  experimental measurements given i n  ref, 13, the, heat  
t r ans fe r  d i s t r ibu t ions  were recas t  i n  terms of the r a t i o  of Nusselt: 
.number, t o  the  square root of the  Reynolds number, where 
. . . . 
Nu = v o ~ r / p o  (lIe-hw) and' Re =.  po H ~ ~ R ~ / ~ ~ .  I n  f a c t ,  N u / ~ e  1/2 
ds  a' charac te r i s t i c  parameter f o r  laminar heat  t ransfer .  To be 
consistex~t wich ref. 13, t h e  stagnation heat t r ans fe r  value of Fay 
and Riddel (ref.  43) was used. Although the  predicted stagnation 
point  heat  t r ans fe r  fron! ref .  43 is approximately 10 t o  15% higher 
than those of Lees (ref.  11, the  va r ia t ion  of l o c a l  heat  t r ans fe r  
d i f f e r s  merely by a constant throughout. 
Fig. 21 shows the  heat  t r ans fe r  d i s t r ibu t ion  along t h e  most 
windward streamline together with t h e  theore t i ca l  predict lons of 
ref .  I0 (method f o r  s treamline geometry) and experimental values 
~f ref .  13. I n  both ref .  10 and t h e  present method, t h e  laminar 
heating r a t e  solut ion given by Eq. (10) was employed. For 
pos i t ions  away from t h e  windward .streamline, r e f .  13 a l s o  provides 
measured heating r a t e  data  f o r  comparison a s  shown i n  Figs. 22 t o  
25. It is observed t h a t  t h e  heating r a t e s  calculated by t h e  present 
method using per t inent  experimental pressures of r e f .  13  agree with 
the measured values more favorably than those using the  hybrid 
pressure described i n  Section .6.3. 
The present r e s u l t s  r:'e fu r the r  compared with experimental 
da ta  from the  Ames Research Center, NASA (ref .  27) and theore t i ca l  
values of the  Simplified Method of r e f .  6 a s  shown i n  Figures 26 
t o  29, ' h o  spher ica l ly  blunted cones with half-angles of 15' and 
30' were considered. The angle of attack varied from 10 to 20 
degrees f o r  Ma = 10.6 using = y_ = l.4. For brevity,  the  
discussion of the r e s u l t s  w i l l  be confined t o  those f o r  15' cone 
haff-angle at  a = lo0,  which a r e  presented i n  Fig. 28. Ttqo 
pressure d is t r ibut ions  were used i n  the  presen't method; namely, 
t h e  hybrid pressure a s  given i n  Section 6.3 and the  modified 
Newtonian pressure over tEie whole body surface. The l a t t e r  was 
applied because it was u t i l i z e d  i n  t h e  Simplified Method. I n  bath 
methods, the  laminar heat  t r ans fe r  expression given by Eq. (10) was 
used. It is observed t h a t  t h e  heating r a t e s  predicted by the  
Simplified Method a r e  c lose  t o  those of the  present method when 
Modified Newtoniau Yressuves a r e  used. Also, t h e  heating r a t e s  f o r  
t h e  Simplified Method f a l l  between those of t h e  present method usfng 
t h e  hybrid pressures and modified Newtonian pressures. Fa i r ly  c lose  
agreement with experimental values is found, except moderate deviation 
taking place near the  shoulder region. 
Near t h e  shoulder t h e  hybrid pressure clE Section 6.3 predicted 
values higher than the  measured values i n  a l l  four cases of r e f .  27. 
Bowever, as shown i n  Figures 21 t o  25 t h e  t h e o r ~ t i c a l  r e s u l t s  
ealculated by t h e  same method employing t h e  same hybrid pressure 
estimation technique a r e  general ly lower than the  experimental 
da ta  of ref .  13. The disagreement between these two s e t s  of ex- 
perimental r e s u l t s  may be  a t t r ibu ted  t o  d i f fe ren t  test conditions 
such as f r e e  stream Mach number and wall  t o  external  t o t a l  enthalpr  
r a t io .  It was found t h a t  the  f r e e  stream Mach number and the  mean 
s p e c i f i c  heat r a t i o ,  T ,  a f f e c t s  the  heating r a t e  r a t i o  very l i t t l e  
as long a s  they a r e  i n  the  hypersonic range (FLL 5). The wall  
t o  external  t o t a l  enthalpy ratl .os, tdlich were not indicated i n  any 
of these  cases, may have played an i n f l u e n t i a l  role.  
The experimental heating r a t e s  r e s u l t s  of r e f s .  3.3 and 27 
ind ica te  tha t  they cor re la te  much b e t t e r  with the  laminar than with 
the turkcllent r e su l t s .  This Zmplies t h a t  the  laminar Boundary layer  
is general ly s t a b l e  f o r  hypersonic flows with highly cooled t ~ a l l s .  
Further ve r i f i ca t ion  of t h i s  argument is supported by t h e  value of 
t h e  Reynolds number based on l o c a l  f l u i d   ropert ties a t  t h e  edge of 
boundary l ayer  and the  morer.tum thickness, Reoe This is a parameter 
commonly used f o r  detez?.ning boundary- layer  t rans i t ion .  A s  indicated 
i n  Fig. 28, t h e  value of Reg = 151 a t  x * / R ~  = 16 indicates  t h a t  the  
boundary layer  w i l l  remain laminar according t o  tba  criteria given . 
In Section 6.2.3. . . 
The f o c a l  turbulent  heat  t r ans fe r  was calculated using t h e  two 
solut ions  given i n  Section 6.2.2 along wi"L the  present method f o r  
determining streamline gecz~etry and s c a l e  fac tors .  The heating r a t e  
r e s u l t s  a r e  presented i n  Pigs. 28 and 29 f o r  t h e  most windward stream- 
l ines ,  Since the  heat  t r ans fe r  parameters f o r  tur5ulent  flows a r e  
q u i t e  d i f fe ren t  from laminar ones, the  freestream f l u i d  proper t ies  
come i n t o  the  p ic ture ,  i.e., the  heating r a t e  r a t i o  depends upon the  
a l t i t u d e  a t  which the  vehic le  t ravels .  
Figs. 28 and 23 a r e  f o r  an a l t i t u d e  of 150,000 f e e t ,  a wal l  
t o  stagnation temperature r a t i o  of 0.1, and o = 0.76. Very good 
agreement between the  heating r a t e s  of Exprerzions 1 and 11 of Section 
6.2.2 is  obtained. Expression I used the  stagnation conditions of 
the  external  flow a s  reference conditions, whereas Expression- 11 
used Eckert's reference enthalpy method, Eq. (i4). 
I n  Figure 30, the  e f f e c t  of a l t i t u d e  on the  turbulent heat 
t r ans fe r  is  shown. The turbulent  heating r a t e  r a t i o  increases a s  
the  a l t i t u d e  decreases. It is observed t h a t  while other flow 
parameters remain the  same, the  turbulent heating r a t e  r a t i o  is  
$nf luenced by the  f reestream pressure, temperature and doeff ic ient  
of viscosi ty.  The freestream f l u i d  proper t ies  may be eliminated 
i f  t h e  turbulent  heat t r ans fe r  expression is wr i t t en  I n  terms of 
415 Mu/Re 
Figure 31 indicates  t h e  e f f e c t  of t h e  re la t ion  between t h e  
v iscos i fy  and temperature on t h e  turbulent  heating ra tes .  I n  t h e  
W 
expression ve/p0 = (Te/TO) , a s  the  exponent o decreases, t h e  
turbulent  heating rate r a t i o  increases. For most applicat ions,  t h e  
value of o is  usually chosen i n  the  neighborhood of 0.76 t o  1.0. 
Bowever, ins ide  t h e  boundary layer,  w ,being unity was used by 
both references 1 and 9. 
Also sbotm i n  Fig. 31 i.s the e f f e c t  of the  reference s t a t e  on 
t h e  turbulent  heating rate of ref. 9 (Expression-I i n  Section 6.2.2). 
The r e s u l t s  ind ica te  t h a t  the  predicted heating r a t e s  using t h e  
stagnation s t a t e  of the  external  flow are considerably lower than 
those using Eckert 's reference enthalpy method, Eq. (14). 
It is observed i n  Figs. 30 and 31, a s  w e l l  a s  Figs. 28 and 29, 
t h a t  the  r e s u l t s  obtained from the  presently derived expression fo r  
turbulent  heating ra tes ,  Expression 11, agree very favorably with 
those from ref .  9 (Expression I ) .  Both solut ions  a r e  influenced 
by the  freestream proper t ies  and the viscosity-temperature r e l a t i o n  
in a s imi lar  pat tern.  
. . 
The method of ref. 9 (Expression I )  was based on the  highly 
cooled wall  assurnption and a c r u c i a l  choice of reference s t a t e .  
Fig. 32 shows the  z f f e c t  of wal l  temperature on the  turbulent  
heating r a t e s  using Eckert 's  reference enthalpy method. It is 
observed t h a t  t h e  heating r a t e s  depend only s l i g h t l y  on t h e  wal l  t o  
stagnation enthalpy r a t i o .  I f  the  stagnation s t a t e  of the  outer  
flow is used f o r  reference conditions, the  heating r a t e s  a r e  then 
independent of t h e  wal l  t o  stagnation enthalpy ra t io .  This agrees 
with t h e  experimental da ta  discussed i n  ref. 9. 
. . 
VIII. ' CONCLUSIONS 
A s  a r e s u l t  of the  present work, the  following conclusions may 
be drawn: 
(i) The "axisymrnetric analogues' is applicable fo r  the  theo- 
r e t i c a l  estimation of laminar and turbulent heat t r ans fe r  over 
general three-dimensional bodies a t  an angle of a t tack i n  hypersonic 
flows with highly cooled walls.  For flows over. three dimensional 
bodies under conditions other than t h e  above, it  may be considered 
e %irst order approximation t o  the  heat  t ransfer .  
(ii) A new method is rigorously diveloped f o r  determintng t h e  
Snviscid streamline geometry and per t inent  sca le  fac to r s  ever . 
a x i s h e t r i c  bodies a t  an angle of at tack.  The method requires a 
known pressure d i s t r ibu t ion ,  which may be theore t i ca l  o r  experimental. 
(21%) The suggested hybrid pressure estimation technique, which 
gncfudes the  modified Newtonian pressure law, t h e  Prandtl-lieyer 
r e la t ion ,  and the second order shock expension, y ie lds  f a i r l y  accurate 
r e s u l t s  f o r  both streamline geometry and heating ra tes .  However, t h e  
Prandtl-Ifeyer r e la t ion  and second order shock expansion must be 
applied i n  the  v e r t i c a l  plane of symptry  f o r  bodies at  angles of 
a t tack,  and a l so  applied along the  meridian l i n e  a t  zero angle of 
a t tack,  The circumferential  pressure va r ia t ion  is determined by 
an in terpola t ion formula. 
(iv) For bodies af. an angle of a t tack ,  the  streamline geometry 
and sca le  f ac to r s  calculated by the  present method agree very well  
with those obtained by the  lcnown geometric so lu t ion  f o r  the  case 
I 
of a sphere, and by the  method of cha rac te r i s t i c s  f o r  the  case of 
a spher ica l ly  blunted cone. Favorable agreement i n  surface stream- 
l i n e  pa t terns  was obtained between the  Simplified Method of reference 
6 and the  present method f o r  the  region near the  stagnation point.  
Mowever, s ign i f i can t  differences between the  two methot; were noted 
downstream. 
(v) The laminar heat  t r ans fe r  d i s t r ibu t ions  calculated by the  
present  method through the  use of axisynmetric analogue compared 
favorably with ava i l ab le  experimental measurements and other  theo- 
. ' r e t i c a l  predictions. 
! (vi) A new expression f o r  predict ing turbulent  heat  t r ans fe r  is 
derived by u t i l i z i n g  Mager ' s t ransf  orrnation between the  incompressible 
and compressible sk in  f r i c t i o n  coeff ic ients  and corre la t ing  the  
solu t ions  of the  momentum i n t e g r a l  equations through Reynolds analogy. 
For highly cooled walls,  i t  y ie lds  very favorable agreement with the  
solu t ion  of Vaglii. -Laurin (ref .  9). 
(v i i )  The r a t i o  of l o c a l  turbulent  heat t r ans fe r  r a t e  t o  t h a t  
a t  the  stagnation point  is af fec ted  considerably by the  freestream 
f l u i d  proper t ies  and viscosfty-temperature r e l a t ion ,  but only s l i g h t l y  
by the  wall  t o  s tagnation enthalpy r a t i o  i n  the  range of highly cooled 
walls.  The predicted turbulent  heating r a t e  r e s u l t s  with the  reference 
conditions evaluated 'a t  the  stagnation s t a t e  of the  external  flow a r e  
considerably lower (about 25%) than those evaluated by Eckert ' s 
reference 'e7thalpy method. 
( v i i i )  For hypersonic flows, both laminar and turbulent heating 
r a t e s  r a t i o  a r e  f a i r l y  insensi t ive  to the freestream ~ a c h  number and 
the  mean specif ic  heats r a t i o  a f t e r  the normal shack. 
(ix) The heat t ransfar  d is t r ibut ion is  affected by both 
pressure dfstr ibution and streamline geometry. However, the pressure 
has more e f fec t  than the  streamline geometry. 
IX. APPENDICES 
Appendix A 
Geometric Solution of Streamline Geometry 
and Scale Factor f o r  a Sphere 
The method f o r  ca lcula t ing  t h e  streamline geometry and the  s c a l e  
f ac to r s  developed i n  Section 6.3 is applicable t o  general three- 
dimensional bodies a t  an angle of a t tack .  For the  pa r t i cu la r  case of 
a sphere t ravel ing  a t  an angle of a t t a c k  with respect  t o  i ts  o r ig ina l  
axis  of symmetry, a closed form geometric so lu t ion  can be obtained by 
a simple transformation. 
A s  sho\n.rn i n  Fig. 2, t h e  o r i g i n a l  ax i s  of symmetry is x ' : ,  and AC 
is a meridian l i n e  through the  most forward point ,  A. Since any axis  
through the  center  of a sphere i s  a geometric ax i s  of symmetry, then 
a new ax i s  of symmetry, x *, which coincides with the  f r e e  stream 
W 
. veloci ty  is formed. It may be refer red  t o  as' the  wind a x i s  of symmetry, 
The streamlines emanating from the  st.agnation point ,  B, a r e  then meri- 
dian l i n e s  with respect  t o  the  wind a x i s  3f symmetry, xw*. Hence, the  
ctreaidline geometry is known f o r  the  case of a sphere. 
To f a c i l i t a t e  the ca lcula t ion ,  the  so lu t ion  i n  the  wind coordi- 
na tes  is transformed t o  the  body coordinates as fallows, 
F i r s t ,  consider the  spher ica l  t r i ang le ,  ABC, (See sketch below). 
For a given angle of a t t a c k  a ,  speci f ied  streamline coordinate B, and 
a r c  length along of the  streamline S, there  r e s u l t s  with the  a i d  of 
ref, 44, 
Center 
of 
sphere 
meridian 
l i n e  
l i n e  
From Fig. 2, 
- - 
X* = 1 - COSX 
where 
Note tha t  i n  spher ica l  trigonometry, the  sj-des normalized by the  radius 
of the  sphere a r e  expressed i n  radians. 
The above equations give the  desired streamline geometry and s c a l e  
a e fac tors .  The quanti ty (-1 i s  not: needed here; however, i t  is  required a 6 
f o r  spher ica l ly  blunted bodies. Therefore, d i f f e ren t i a t ing  Eq. (A-4) 
with respect  t o  6,  one obtains 
Previously it was found in Section 6.3 that 
is-, as - h2 sine 
Substitut211g this equation l o t o  Eq. (A-6) and simplifying yield 
Appendix B 
Evaluatrion of Initial. Conditions for Calculating Streamline 
Geometry and Scale Factor over a Body of Revolution at an 
Angle of Attack 
En order to integrate the simultaneous differential equations for 
calculating the streamline geometry and scale factor over a general 
three-dimensional body, as developed in Section 6.3, a set of initial 
conditions is required. The evaluation of these initial conditions 
for a body of revolution at an angle of attack is ill-:strated here. 
: :$pi WSth reference to Fig. 4, the initial point is determined by 
* 
x ) The subscript "it' denotes the quantities at the initial 
* - 
point. For a given xi, let 
2 tv f; = f" 4- f"' E .b fo 
0 0 
. * 
where x is the  d is tance  from the  most forward point of the  body t o  
0 
t h e  stagnation point  along the  ax i s  of symmetry andr a. , al ... and 
, AolHe are constants.  
* 
If  t h e  i n i t i a l  point  
xi is chosen very close  t o  the  stagnation 
* * * 
point  (xo). then E(= xi - x ) is a very small  quantity. nence, the  
0 
2 
above equations can be  m i t t e n ,  with O(E ) terms dropped, as 
sin 4i = 4i 
cos 4 = 1 i 
Using these  equations i n  Eq. (38) along with Eq. (50) one 
obtains a f t e r  a tedious munfpulation, 
' . :, 
Note that the left-hand side of Eq, (B-1) is the ratio'of two 
prihcipal radii of curvature at the st.agnation point and that 
Aoo ks a constant which distinguishes the different streamlines. 
* 
For a given angle of attack, a, and a body shape, f = f (x  ), 
the quantities in Eq. (8-1) may be determined approximately by 
1' = cot a 
0 (B-2) 
Eqo (B-2) implies that the vector normal to the body surface at the 
stagnation point coincides with the direction of the free stream 
velocity. This is exactly true for the case of a sphere (ref. 41). 
w i t h  a0 found as above, there results 
andl from Eq. (39) 
For the scale factor, let 
then 
h2ft cos 0 f a e b L 2) (B-3e) 
Substitution of Eqs. (B-3) into Eq. (49) yie lds  after considerable 
munipulation 
and BoD can be an arbitrary constant.' 
The results  of Eqs. (B-1) and (B-4) are exactly the same a s  
those obtained from ref.26 ustng the same procedure. 
Appendix C 
Comoutational procedure for Case . 
of Spherically Blunted Cone 
The complete computational procedure for calcufating.the stream- 
Pine geometry,'scale factors and heating rates for spherically blunted 
cones traveling at hypersonic speeds at an angle of attack consists of 
three parts: 
(1) Evaluation of the initial conditions and constants. 
(2) Integration of the heating rate equations.' 
(3) Calculation of streamline geometry and the scale factors. 
The first and second parts are written in a main program.and the 
third part mitten in five separate subprograms corresponding to five 
sequential surf ace pressure conditions, as indicated in Section C-3. 
. . 
C-1 Evaluation of the Initial Conditions and Constants 
For n spherically blunted cone with half-angle 8 traveling at a 
C 
given freestream Mach number, altitude and at an angle of attack, 
the follo~~ing are known quantities: Mas P, T-, p, y, a and Bc, Using 
S, the arc length measured from the stagnation point along a streamline, 
* 
as the independent variable, the initial values for xi, Oi, €Ii. (8li 
and h are obtained from the geometric solution in Appendix A. The 
i 
initial point is chosen one step size from the stagnation point, tee,, 
There are three kinds of constants in the program, i,e., (a) input 
constants which depend on the body shape, flight conditions and selected 
flow parameters, (b) functional  constants which are calculated by the 
equations i n  Section VI from known input constants, and (c) defined 
constants which a re  defined f o r  the  purpose of simplifying the calcula- 
t ion ,  
- 
The input constants are: M_, %, T_, II,. y, y ,  a s  6 c ,  R Pr, g9 
TWITo and w. 
A 1 * The functional  constants are:  P,/Po, xo, fo, Eo, f:, Ro, xjS f j s  
f '  M ,  P /Po. 6 and v 3' s n q ¶ 
The defined constants are: C, Cks Cfis g, Cq, Cqr, and Cqt. 
In tegra t ion of the  Heating Rate Equations 
A.2,f Laminar Heating Rates 
Equation (10) of Section 6.2 is 
where r is replaced by h2. From t h e  i sent ropic  flow r e l a t i o n  with an 
e f fec t ive  7, the-re r e s u l t s ,  according t o  Lees, 
where 
G is  given i n  Eq, (11) of Section 6.2, Using the dsfined constants, 
one has 
0 = (g~Q~)114  whe-e C = 1 - P,/P~ 
After a i r ,~p~i fy ing ,  the  r a t i o  of laminar heating r a t e  a t  the  surface t o  
t h a t  a t  the  stagnation poini  becomes 
where 
'The denominator i n  Eq. ( 0 3 )  is integrated numerically by Simpsonss one- 
t h i r d  r u l e  with hp obtained from a subprogram described i n  the  next sec- 
t ion ,  The i n i t i a l  valca of the  in tegra l  is obtai-ned by using the  same 
approach described i n  Appendix B, i.e., l e t  
then 
2 2an 2 2 2 2ao-2 Ii - J': Wih2;dS = J: WB:~ c ( i ~ ~ a ~ f ~ l c l  d~ (C-5) 
With the use of Eq, (50) f o r  the  surface pressure, i t  can be seen that  
Hence, 2a0+2 
2 ~ ~ l c l 2 a  K2 E4  K1lcl 
= i 4- O - -[-- + o 2 ao+* 4a0+2 1) 
- .  8ao 
where 2 2 2  ,I2 2 
Laof ', . f o  s i n  a 
KI = 
4 Since the value of the  right-hand s ide  is of order of c , Ii is  
seen t o  be negligibly small compared with the value of the  f i r s t  inte- 
grat ion from the i n i t i a l  point.  ( I t  requires two increments t o  perform 
one in tegrat ion i n  using Simpson's one-third ru le  .) Hence, i n  practice,  
it is appropriate t o  assume tha t  the  heating r a t e s  r a t i o  i s  very c lcse  
t o  unity a t  the i n i t i a l  point,  
then 
C W h  
e w h2 d~ e q i 2i12 
=i 0 i 2i 0,999 
Equation (C-7) is comparable with ' E ~ .  (C-6) since both Wi and h are 
4 
- of order of E and thus (W h. )2 = O ( E  ) . 
2i 
i 2 4  
.4. 
C.2.2 Turbulent Heating Rates Expression I 
Equations (IS), (16), and (17) of Section 6,2.2 me: 
Using the energy equation 
one obtains 
As mentioned in Section 6.2.2, it is appropriate to evr.luate the refer- 
ence condition quantities at the stagnation state of the external flow. 
Thus, 
where 
is used. Upon substitution of these equations, Eq.  (C-10) becomes 
where Eq. (02) has been used for u,/v,. 
F L ~  Eq. (C-8), 
theref ore, Eq. (C-8) becomes 
where 
For a known surface pressure distribution and scale  factor, 2 is 
readily evaluated from Eq.  (C-11). Once Z ts known, C * i s  dl '.::: rnined f 
by Eq, (18) i n  Section 6.2.2, The constant coeff ic ients  are a - * '.:tnd 
with the aid of Eq. (C-9) for 2 5 Z 2 14 
f , t '  
The p l o t  of Cf* vs. Z is shownin Tig; 33. Final ly ,  the  r ighr  s ide  
of Eq, (C:-8) is found upon subs t i tu t ion .  
C. 2.3 Turbulent Heating Rates Expression 11 
Eq. (33) of Section 6.2.3 
(C- 1 5) 
The reference proper t ies  i n  the  above equation a r e  evaluated with the  
a id  of Eq. (14) i n  Section 6.2. To be consistent  with Lees' dar iva t ion  
of the expression f o r  ue/Vw (Eq. (C-8)), where 
one may ansu,.e, t h a t  the  f l u i d  is a perfec t  gas by csing an e f fec t ive  
- 
i pec i£ ic  . r a t io ,  y. Hence, Eq. (14-a) is used i n  the program with an 
adoptive y, and thus, 
%hen Eq. (14-a) becomes 
Tr T" P 
-- - 0.5($)~ + 0.5 y + 0.22 3~ [l - ( F ) d ]  (C- I. 6) 
To 0 0 0 
Following the  same procedure a s  previously, one obtains 
- where 
C ,2.3 Reynolds Numbers 
The Reynolds number based on l o c a l  proper t ies  a t  the  edge of 
boundary layer  and a distance along a streamline from the  stagnation 
p i n t  is 
Following t h e  same procedure a s  i n  the.previous sect ion,  one 
obtains, . 
The Reynolds number based on l o c a l  propertfes a t  the edge'of boun- 
dary layer  and the  laminar momentum thickness is given by Eq. ( 3 4 )  a s  
where r has. been replaced by hp. To be consistent  with Leese theory, 
one assumes 
?&us, Eq. [C-20) be,;mss 
8 Using Eq. (01) t o  el iminate the  in tegra l  and h2, i t  becomes 
=w 
- 
(QI 'laminar 
0 
These Reynolds numbers a r e  calculated f o r  the purpose of locating 
a possible t r a n s i t i o n  region. 
C.3 Calculation of Streamline Geometry and Scale Factors 
3%e hyLrbd surface pressure estimation technique forces the  calcu- 
l a t i o n  of streamline geometry and sca le  fac to r s  t o  proceed from one 
regfon t o  another, according t o  the  app l i cab i l i ty  of d i f fe ren t  theories 
described fn sect ion 6.4.l. I n  consquence, a typ ica l  streamline w i l l  
flow through f i v e  successive regions a s  follows: 
(1) Modffied Newtonian Region (b1.N.) - I n  t h i s  region, the  stream- 
f i n e  flss between the  stagnation point  and the  "matching point." The 
modiffed Newtonian pressure law is used fo r  estimating surface pressures, 
(2) Modified Newtonian and Prandtl-Ifeyer Mixed Region I (M.N. & 
P-M I) - After the "matchitlg point," an in terpola t ion formula f o r  pres- 
sure  d is t r ibut ion,  Eq. (52), should be used. I n  t h i s  region, the stream- 
* 
l i n e  lies between the  "matching point," corresponding t o  a x i a l  ax i s  x 
4 ' 
* 
and a point  on the  body surface corresponding t o  ax ia l  axis ,  x , such 1 
) along the leeward l i n e  f a l l s  i n  the Prandtl-Meyer that ('r, 180 aj(o 
region while (Pr),o along the  meridian l i n e  and (P ) along the  r , o  a#o 
P windward l i n e  s t i l l  remain i n  the  Newtonian region. 
(3; Yadified Newtonf an and ~randtl- lfeyer Mixed Region 11 I N .  & 
P-M 11) - In t h i s  reeion the  streamline lies between two points  corres- 
* * 
. . goridang t o  ax ia l  coordinates x. and x respectively. The surface 
1. 2' 
pressures along the  leeward and meridian l i n e s  f a l l  i n  the  Prandtl- 
Keyea: reglton while the  windward l i n e  still. remains modified Newtonian. 
(4) - Prandtl-Ifeyer Region (P-M) - In  t h i s  region t h e  streamline 
* * lies between two points'corresponding t o  a x i a l  coordinates x and xj. 
The Prandtl-Meyer r e l a t i o n s  a r e  then applied t o  a l l  th ree  (leeward, 
meridian and windward) l i n e s ,  
( 5 )  Second-Order Shock Expansion Over Conical Surface - Over the  
. 
cone surface, t h e  second-order shock expansion method, Eqs. (54) is 
used f o r  estimating surface pressures along the  leeward, meridian and 
windward l ines .  Eq. (56) is employed fo r  interpolat ion.  The functions 
A, B,  and E bn Eq. (56) a r e  determined with pressures along t h e  above 
th ree  f ines .  The pressure along @ = 90' (meridian) l i n e  at  an angle of 
a t t ack  is assumed t o  be tha t  along the  same l i n e  a t  zero angle of 
a t tack,  a s  noted by r e f ,  13. 
These regions a r e  i l l u s t r a t e d  i n  the  sketch on the next page. 
The resu l t ing  expressions f a r  pressure d is t r ibut ion and necessary 
d i f f e r e n t i a l  equations f o r  computation a r e  shown i n  Charts C-1 and C-2. 
Note t h a t  t h e  differential .  equations l i s t e d  i n  Chart (2-2 a r e  a l so  good 
for a general body of revolution. The set of simultaneous differentsaf 
aquatfons is integrated along a streamline by fourth order Runge-Kutta 
method with the initlal values determinad by Eqs. (61). The significance 
of clef ining St, Ct and F'S in Chart C-2 is twofold, i. e., to reduce the 
computer tfme drastically and to eliminate chances of making mistakes, 
The above five regions with different pressure c -1ditions result 
Bn five separate subprograms. As the streamline proceeds in the main 
program, one of the above subprograms is call according t o  the region 
the streamline t~ill f a l l  in .  
* * *  The bot~ndaries of each region, x q' X1' x2 vary with Mw, a and 
body shape and dif fer  from one streamline to  another; nevertheless, 
they are determined sole ly  by the matching cri teria  6 o r  (P/P ) along 
4 O P  
the streamline, or meridian or windward l ine,  

. I '  
Chart C-21 Differential equations for calculating streamline 
geometry and scale factor over a blunted cone 
where l a  l a p  Ct aF S aF 
P = J~TF-. 'h P =(E --.I ax* ' a  2 f a+ P ax* , - h [-- -A _ -L A] 
. :I 
Appendix D 
Computer Program f o r  Calculating Streamline, Scale Factor, and Laminar 
and Turbulent Heating Rates over a Spherically Blunted Cone a t  an 
. . Angle of Attack 
The complete computer program f o r  ca lcula t ing  the  streamline 
P 
geometry, s c a l e  f ac to r s  and laminar and turbulent  heat ing r a t e s  over 
a spher ica l ly  blunted cone is wr i t t en  very c lose iy  following the  
procedure described i n  Appendix C. The following correspondences 
are observed: 
(1) "MAINt1 program corresponds t o  
+ ' A.1  Evaluation of the  i n i t i a l  conditions and constants ,  and 
A.2 In tegra t ion  of the  heat ing r a t e s  equations. 
(2) "RUNll' subprogram corresponds t o  
A.3,(1) Calculation of s treamline geometry and s c a l e  f ac to r s  
i n  ~ o d i f  ied  Newtonian Region 
(3) . B1Rm211 subprogram corresponds tf, I 
Ae3.(2) Calculation of s t r e m l 5 n e  geometry and s c a l e  f ac to r s  
, in Modified Newtonian and Prandtl-Meyer Mixed Region f 
(4) "RUN3" subprogram corresponds t o  
A,3.(3) Calculation of s treamline geometry and s c a l e  f ac to r s  
2n Modified Newtonian and Prandtl-Meyer Mixed Region II 
(5) "RUN4" subprogram corresponds co 
A,' ) Calculation of s treamline geometry and s c a l e  f ac to r s  
i n  Prand tl-Iiey er Region 
(6) "RUNS" subprogram cor~esponds to 
A,3.(5) Calculation of streamline geotpetry and scale factors 
over cone surface, 
(7) s ' C ~ ~ L A R ' t  subprogram corresponds to the evaluation of 
initial pressure for integrating the Prandtl-Meyer relations, 
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16 1 >( =: X + XA 
162 F = P + P A  
163 T = 7 + f A  
164 R = R + R R  
165 TE = YB + T B A .  
166 EF = (1- - X ) / S C R T Q 2 o * X  - X * X )  
167 V C*(DF*CA + S A * C C S I F ) ) * * 2 / ( 1 o  + DF*CFI + CK 
17 C k' = hFQY) 
17 X t.! = L ' F I Y )  
17 2 'TR = Tt?bl(Y) 
173 Sf! (N? = W R * R  
174 S F . l ( K )  = .U*Y**GF*R 
17 5 t R2 (ti) - 'FDF4Y 
h 7 6  3 6 S = E - b H  
200 FD P * 5 7 0 2 9 5 7 7 S 5  
201 TD T *' 57,2957795 
202 SIN I + E * [ S K  (11 + 4,*Sft. ( 2 1  + S K  13 )1 /34  
203 SI?!l = SIK1 + E*(SKl(l) * 4 o * S ? ? 1 ( 2 )  + S b ? 1 ! 3 ) ) / 3 o  
264 SZE2 = S1K2 + E 3 ( S K Z ( l )  + 4 o * S N 2 ( 2 )  + S R 2 ( 3 ) ) / 3 r  
205 C = CC*k;*Il / S % R T ( S I i 4 )  
206 28 = X o / Z F t S I E X t  K) 
207 C l  = C C T * Y * * G P % c 4 C F b ( Z R )  
2 1 C  . €2 = CQR*FKF(V  IIElrl*.2**C.2 
218 F EYS = U R ! ~ ~ Y $ . ~ ~ C ~ * ~ % S  
212 PEYK = CREI{*V/ ( ya* (c*cp2 )*G ) 
213 kRITE(6, 6P6J S, X t  PC, 107 R s  Y p  REYP., REYS,  Q, b X 9  6 2  
214 S H  11) = 5i4 ( 3 )  
215 SP.1 f 1) = Sl*!1(3 1 
216 5P82(5) = S L 2 t 3 1  
217 40 I F  ( Y  .LTe F Q )  C &  TC "C 
222 39 1F ( X  eGE. XJ) CC. TC 4 C C  
226 50 FhU = RRUC + DELE + E L  - A T P h ( C F 1  
227 CALL CCLLPR ( G J b ,  G 1  RgC, RKU9 P T I  
230 URITE (69 6 0 4 )  
231 . ERITE ( 6 ,  62C)  U F s  P T 9  P K U t  Y 
23 2 YF ( C F o L E *  C 8 )  EC TC 5 2  
235 hE; = hlii .- L 
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T e r A r  
ECURCE STAT EVENT 
FORTKAR SOURCE L I S T  R A I N :  
I 
CP = C O S ( P )  
Y = ( C * (  (C .F*CA*SA) /YA )**2 +cK)*' (cP %*Z -t CP I / 2 -  
P .t P T * ( C P  **2 - CP 112. + F O  * P i W S I N ( P ) * : + 2  
b; = K F t Y )  
L; = UF(V)  
I R  = T1'ZFtY 1 
EP, (K) = W R * R  
SP.1 (fo = U:>YWEP+R 
Sb'.2fK) = FCFIY  1 
9 5 S = S + N  
F D  = P * 5 7 o 9 9 5 1 7 F 5  
TG T * 57 ,2957755  
S j R  = S I X  + k:;(S;{ ; I )  ; 4,%5!J, [ Z )  + 5 %  [3)]i3, 
SP#l - SIR1 + E * t S l v . l ( l )  + 4,*S?4lt21 -+ S i t 1 ( 3 ) 1 / 3 n  
SIR2 = S I P 2  + K * f S P . 2 ( 1 1  4 4o*S! ' :2 (2 )  + SK2(3)1/3. 
6.= CQ*\f*R / SCRT(SIK1 
ZR = lc62F(SIMly R) 
C-1 = CQT*Y**CP*C*CF2 t 23) 
C2 = CER*FfiFIY I P S 1  K2**0-2 
P E Y S  = tJRlt.*YW&SX-ljsS 
R E Y ~  = C R E N * ~ ~  f Y*+~G*CK)*C 
URITE(69 611) S o  XI F C ,  TDs R o  Y, REYE, REYS, C p  GI-? Q 2  
SK (1 = St? ( 3  1 
St41 f l l  = SK3.13) 
S F . P ( l )  = S E 2 f 3 )  
IF (X -GE. XJ) C C  TC 4 C G  
98 IF ( B F  eLE-  CE GC YL P O C  
100 RhU = RKUG + DELC -bL - ATPKICF) 
CALL CCLLAR ( G f K 9  G O  FP.6,  RhU, PI?) 
KRITE (6, 6 C E l  
URITE C6, 62C) CF9 P E g  RRGo Y 
tz& = t\rN - L 
&Q lC.8 L = l9 RN, 
CG ICS K = 21 2 
CALL RGW+ ( x o  F *  a, n ,  TBT PT ,FE~~PB,XA,PA,TA~RA,TEP. ,PTCI~P I . :A~FEA)  
- X  = X -e XA 
F. = F 3- FA 
r = a + - r I !  
O i = R + R A  
TE = TE + TSP 
FT = PT + PTP 
F k  = PK + PM! 
PI3 = PB -t PCP. 
fQ = CCS(F) 
y. = C o 5 * !  ( F B + P I  ):>CF **2 + I F E - P T ) % C P  1 -8- 
% F O ~ 6 F K * S I & ( ? ) * * 2  
k' = W F ( Y )  
V = UF(Y)  
TR = T R F . t Y )  
StJ  ( K )  = WIR%R 
SF1 ( K )  =' U*Y$g:Cg*R 
S P . 2 [ & )  = F G F t Y I  
P 0 5 S = E + N  
FC = P * 5 7 . f 9 5 t 7 S 5  
TD = T * 5 7 0 2 9 5 7 7 5 5  
1~J.2065 T C T A I  
TSR . SCURCE STATEF.Ek7 
426 SPR = SIK S R*(St{ (1) + 4e#:Sf4 (2) + St$ (3))/30 
427 S*It!1 - S I l t l  + E*(Sf41Q1) + 4,*.SP1(2) + S I 4 1 ( 3 ) ) / 3 -  
430 Elk2 = SI t (2  * E* (S f52 (1 )  + 4 - * S K 2 ( 2 )  + Sb!2(3) ) /3m 
431 C = C Q W Y R  / SCRTbSINb 
4 3 2  ZR l e / t F ( S I M f ,  R) 
433 C 1  = CCT*Y*8GP*USCF2(ZR) 
434 62 = CCR*FKF(Y I /S I t<2* *0m2 
43 5 REYS - URfi*Y*XcCG*U*S 
. 436  PEYP-! = CREK*W/ ( Y**:(G*.CV.):XQ 
43'7 hRITE(68 616) S t  X t  FC, T D t  R t  Y* XEYb!, REYS, G o  QIT C2 
44 0 St4 (1) = SM (3) 
- 441. .9!1[1) = SM1(3! 
442 $ A 2 ( 1 )  = SP,2(31 
443 3.08 1F ( X ,GEe XJ 1 GG TC 4C0 
447 400 k = E 4 F A C T O R  
450 &F = DFJ 
451 VRITE ( b l  6 1 C )  ti, BC 
452 460 LC 4 6 5  L = f r  f!CC 
453 GC 4 € 3  N = 29 3 .  
454 CALL RCN5 BX1 F 7  T o  R o  ?Bs XA,PWpTA,KAtTEA,Y) 
.455 X = X + X A  
456 F = P - i - P A .  - 
457 T = % + ' T A  
4 S O  R = R + R A  
451 TE - TE 9 T8A 
. 462 k' = biF4Y) 
463 I! = C F ( Y )  
464 TI? = TRFIYO 
465 SM (K) = W R * R  
466 S f t l [ K )  = U*Ys*CP*R 
. 467 SP2(R) - F Z F t Y )  
470 463 $ = 2 + H 
472 FC = iJ * 5705957795 
473 7 0  - B * 57 ,2957755  
47 4 S f H  6 S I R  + E * ( S X  (1) + 4 r * S R  (2) + SM (3)1/3- 
44 5 SIP6% a S I R 1  + E*(SNl(l) 9 4 - * S R l ( % )  + S ? 1 ( 3 ) 1 / 3 m  
47 6 S I X 2  = SIX2 + E*(SR2II) + 4m*SR2(23 + S!42(3))/3. 
477 C = &Q*W*R / S C Z T ( S I P 1  
500 ZR = 1 - / Z F ( S X M l r  R) 
. 5 0 1  61 = CCT*Y**CP*U*CF2(2R) 
502 62 = CCR+FNFtY )/hIPZ**C,2 
503 PEYS = URt<*Y4*CG*U+S 
5G 4 PE Y X  = C R E W \ /  ( t+* (G*CP.)*C) 
505 W R I T E ( 6 t  6 1 6 )  S, X, P C ,  IC, P 9  Y T  REYK, REYS, C 1  G I 7  62 
506 SF. (1) = St! 43) 
507 f K l ( 1 )  = S?;113) 
510 StJ,2(1) = S$!2(3) 
511 ' 465 I F  ( X  eGEe XED m C R o  PC eEE. FED ) GO TO 440 
5 1 5  490 CCKTINUE 
5 1 7  CC. TC 1C 
520 501 F C R X C T  [ 7FfC.E1 E 1 C e 4 )  
521 505 FCR?,AT ( I l C )  
522 601 F C R C t T  ( l K l , F H P . ( C C )  = , F5.2, 3Xt  12EGPYl!4 EAR = 9 F 4 - 2 9  3 x 7  
f eF ,P (CC)  = 9 FCm2? 3 X t . 2 k T ( C C )  = p F C r 2 ,  3x1  51!PR = p F4-2, 3 x 9  
2 f!tiTK/TC = 9 F 4 0 2 ,  3X, St l tU(CC) = E10.4//  l X ,  t!HALPEA = 9 F4.1, 
,12065 'B C TAX 
ISh: SCURCE S T A T E t t E h T  
F G R T R A K  S f U R C E  L I S T  P A I N !  
3 3 x 9  SHXG = 1 F8.6,' 3x1 SHRS = t F a - 6 s  3x1 5EFO = 9 F 8 - 6 1  3x9 
4 6HCFO = t F S - € 9  3 x 9  7l~CCFO = l F 1 T e 6 7  3x9 4MA = 9 F2-6 / /  
5 1 x 9  6 M C R 1  = 9 F 4 . 2 ,  2 x 9  6HCP2 = 1 F 4 - 2 9  3x1 5HRE = 9 F4.2, 
6 3x9 8HCP.EGA = 9 F402//) 
602 F C R I < P T  ( 1 x 1  2 3 l - : K l  F .Ct  P C 9  D E L t r  R U 6 9  T F D t  XJ, FJ)  
604 FCRF.FT ( 1X151HLEEh'APC L I K E  I S  Ii': P-f4 REGICh! D F ,  P Y ,  NUt F1PC)  
606 FCi?P!T ( ~ X I ~ ~ H Z E P C  ALFFP L I K E  I S  IN Pa-M R E G I O N  ' E F T  PX1 R U T  P / P C I  
608 FCRY.ET ( l X o S l H k : I F C \ i P R C  L I N E  I S  IN P-K R E S I C K  C F t  P e t  h U 7  P / P C )  
610 F C R W T  ( / 1 X t  12I<STEP S I Z E  = 9 F7-4, ? X t  7tiEETA = 9 F 6 0 2 / )  
612 FORfJ.AT ( 1 H 1 7  37x1 
1 5 8 K C A L C U L . A T l d K  CF S T R E C V L I l i E t  SCALE FACTCRS E K C  HEATISG R A T E S / /  
2 3 X t  l H S I  9 x 9  S E X 9  13x9 3 H P k . 1 9  l l X t  5 H T K E T A 9  I C X ,  l E H I  8x9  
3 4HP/P11:? 4 x 1  6 t - : R i V { t + j t  2x9 i i i - X E Y N O i D S  Ni3t  6X1 7 i - : Q / Q O i t i t  OX,  
4 8 H Q / f 2 C ( T 1 ) l  5 x 9  E E Q / G C ( T 2 ) / )  
616 FCMliCT [ l X p  F 7 . 4 7  2x9 F S o 6 1  4 X o  F l C - 6 ?  5x9 F1C-6, 3 X I F l C - 6 9  2 X t  
P F 2 - 6 ,  2 X o  F t o 2 *  1 x 9  € 1 3 . 6 1  f X t  F 8 . 6 ~  5x9 Far61 5 X t  F1-6) 
620 FCRV.CT ( l X s  € E l C o 8 / )  
633 FC.RKAT(35H R E C C V t  CLr URl;r C G 9  C G T ?  C C K ?  C K E t ! / 7 E f 8 o 8 b  
%GO6 STCP 
EKC 
FCRTRAN SCUKCE L I S T  ' a : '  
8 $TEFTC R U K P  
1 S U E R C U T I N E  R C N l  ( X o  P s  T T  F, TB, X A ,  PA,  7A1 R A T  C e A )  
2 COiYKCR C q C l < r C A T S b q C P k o G q F r P &  XJ, FJ, C F J  
3 CIkERSICK CX(6)p CP(61, C T 1 6 I 1  O R ( 6 1 ,  D T C ( 6 )  
4 FXTERKAL  ROLFUN 
5 F F I X ?  = S G R T ( 2 * * X  - X * X )  
6 FTE t H ~ T E )  = -GF* CT * T E / [ F * Y A )  + R*( ST 
l **2$ BF+T?DF-DFghCF*YP.*Yb I /  ( F * Y A * Y A ) * * 2  - IS* ('[S-tCF*ST/ (F;tYA) ) ) 
2 +(  QYE>%CT +YF*ST)+Ta  - R*( YE*STXcSS+Yl<:>CT*CT/F) -+R*ST*CT* ( Y I / F  4 . ~ 2 )  
3 -YL* (YE*ST  - Y F * C T I / Y G I / Y G  
7 EATA G X ( l ) q  CP(lb, D T ( 1 I P  D R ( l ) q  D T D t l )  / 5 * 0 * 0 /  
1 C  CG 7 C O  N = 2, 5 
11 ST = S I ~ ~ ( T + E T ( N - I ~ ~ L ~  
12 CT = CCS(T+CT(R-1) /2 , )  
13 SP = S I M ( P + L P ( i i - 1 ) / 2 - )  
14 CP - COS(P+CP t k - l ) / S o )  
15 F - F F  ( X + C X ( & - 1 ) / 2 * )  
16 t F  = 9 2 0  - ( X + C X f K - l 1 / 2 * ) ) / F  
17 GDF = - 1 r / F * * 3  
20 E D D F  = 3, *CF/F**4  
21  YA = SCRT(1. +CF*:GF) 
22 YE = DF*CA + SA*CP 
23 VC 3 CA - DFIS6*CP 
24 YE = C*YB*YE + CK*YA*YA 
25 - VE E Z O  4C%CDF*kE*YC/ QYk%*3$YO) ' 
. . 26 . YF = - 2  sC*sA% SF * Y E / ( F * Y C I  
27 'YG = 2 ,  * t ( Y A * * 2 / Y C ) * * C  -1- ) / C  
30 . Y H  = CCF*YE*(CCCF/DCF**2 + C A / Y B  - SA+ CP /YC - 2, %(c*YE% 
1 C &  + CK*DF) /YC - 30 * C F / Y A * * Z ) / Y A  
3 1  Y I = YE*SP* SF * ( - I m  / Y 6  i C F / Y C  + 2-  *C*YE/YC) 1 
32 Y J  = YF*(CEF*CL./LE -CF/F -2- *DCF*(C+ YS*CA+Ci i *CF) /YC)/YA 
33 YK = Y F * (  CP / I P  +SA* SP * ( Z r  *C*YR /YL - l -  /Yi?O) 
34 'Yb = 40 s { Y A * * Z / Y D )  a>:@ [CcF*STs ( Y h * * 2 9 ( C * Y m  +CK.$LF)  /YG 
1 - C F ) / Y A * * 3  a C%YE.%S)!* *CI/(F*YD) 1 * ( X + C K t K - 1 ) / 2 -  I 
35 IS = lYE*ST - YF*CTb/YG - D F * S T / ( F * Y A )  
30 C X ( I 0  = H*CT /YP  
37 . C P ( R 1  = H * S T / F  
4C E l l & )  TS:W 
4 1  C R ( k )  =E* ( T E + G T E ( K - l ) / 2 -  + (R+CRiK-1I/Zm)*CF*CT/(F*YA)) 
42 700 C T f ! ( K l = H * F i B (  R + f R ( K - l l / Z m q  T E r C T D t N - 1 ) / 2 , )  
44 % A  = ( D X 1 2 )  + ( C X ( P )  * C X ( 4 ) ) * 2 m  + D X ( 5 ) )  / 6 -  
45 FA  = ( D P ( 2 )  + ( C P ( 3 )  4 C F ( 4 ) ) + 2 -  + G P ( 5 ) )  / 0.  
46 ?.A = ( D T ( 2 )  + ( C T ( 3 )  + C T ( 4 ) ) * 2 -  + C T ( 5 ) )  / 6 r  
47 R A  = ( D R ( 2 )  + ( C R ( 2 )  + C P ( 4 ) 1 * 2 ,  + C R ( 5 ) )  / 60 
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deo:nctric s o l u t i o n :  
- cx = 15' 
O Simplified tncthod 
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Fig. 7 S t r e a ~ n l i n c  d i r e c t i o n  over  a s p h c r c  
a t  cc = 15" and 30' and 1.fW = 8.0 
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